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1 IlosicHMTeILHAS 3aNMUCKA

[IpakTudeckoe 3aHsATHE — 3TO (OopMa OpraHU3alUU y4yeOHOTO Mpolecca, Mpearoaraonas
BBITIOJIHEHUE OOYYAIONMMUCS TIO0 3aJaHUI0 W IO PYKOBOJCTBOM MPENOJaBaTeIsl OJMHON WU
HECKOJIBKUX MPAKTHUYECKUX padoT.

Junakthueckass 1eidb MPAKTHYeCKHX paboT -  QopMupoBaHWE y  OOyYaromIMXcCs
poecCHOHAIBHBIX YMEHHUW, a TakKe MPAKTUYCCKHX YMEHHH, HEOOXOMWMBIX Ui H3yICHHS
MOCJICAYIOMUX ~ YY4eOHBIX JWCIHIUIAH, TOArOTOBKAa K NPHUMEHCHHIO O3TUX YMCHHHA B
npohecCHOHATBbHON IEATEIILHOCTH.

Tak, Ha TPAKTUYECKUX 3aHATUAX IO TUCIHHUIUIMHE «DJIEMEHTHI BBICHICH MAaTEMATHUKH» Y
oOydarormuxcss (pOPMUPYETCSl YMEHHE pelIaTh 3aJadd, KOTOPOE B JAIBHEUIIEM JOJDKHO OBITh
HCIIOJIb30BAHO I PElIeHUs TPO(PECCHOHANBHBIX 33/1a4 MO CTIEIIUATBHBIM JTUCIUATITHHAM.

B xome mnpaktudeckux paboT oOywaromuecs OBJIQJEBAIOT YMEHUSMH TIOJIb30BaThCS
WH()OPMAMOHHBIMUA HCTOYHUKAMHU, pab0OTaTh C HOPMATHBHBIMH JIOKYMEHTAMU W HHCTPYKTHBHBIMU
MarepuajgamMu, CIpaBOYHUKAMH, BBIMOJTHATH YEPTEKHU, CXEMBbI, TaOMUIIBI, pEeIIaTh pa3HOro pojaa
3a/1auu, JeJiaTh BBIYUCICHUSI.

3ajaun, KOTOphIE PEIIAlOTCA B XOJE MPAKTUUECKUX 3aHATUM MO JUCHHUIUIMHE «DJIEMEHTHI
BBICIICH MAaTEMaTHKN):

1) pacmmpenre u 3aKperieHue TeOPETUUECKUX 3HAHUM 10 MaTeMaTHKe, MMOJYyIEeHHBIX B X0/
JICKITUOHHBIX 3aHATHH;

2) dhopMupoBaHue y oOydaromuxcs MPAKTUUECKUX YMEHUH M HaBBIKOB, HEOOXOAMMBIX IS
YCHENTHOTO PEIIeHUs 3aa4 10 MaTeMaTHKE;

3) pasBuTHE y OOyYaroumuxcsi MOTPeOHOCTH B CaMOOOpa30BaHWUM U COBEPIICHCTBOBAHUHU
3HaHUH U YMEHHN B MPOLECCE N3YUECHHUSI MAaTEMATHKH;

4) dopmupoBaHHEe TBOPUECKOTO OTHOILIEHHUS M HCCIIENOBATENBLCKOrO MOJXOJa B IMpollecce
W3YYEHHUS MaTeMaTUKU;

5) popmupoBanue npohecCuoOHATHPHO-3HAYMMBIX Kau4eCTB OYIyIIEro CIENUaaIucTa U HaBbIKOB
MIPUJIOKEHUS TTOTYYCHHBIX 3HAHHUH B IpodeccrnoHanbHOM cdepe.

Kpurepumn oueHku:

OTBeT OIICHUBACTCS OTMETKOM «5», €CIIH:

e paboTa BBINOJIHEHA OJHOCTHIO;

® B JIOTUYECKUX PACCYKJICHUSAX U 000CHOBAHUH PEIICHUs HET MPoOeIoB U OMMOO0K;

® B pEIHICHUU HET MAaTEeMAaTUYECKUX OIMUOOK (BO3MOKHBI HEKOTOPbIE HETOYHOCTH,
OTHCKH, KOTOpbIE HE SIBJIAIOTCS CJEJCTBUEM HE3HAHHS WM HEMOHHMMAaHUS y4eOHOro
Marepuania).

OtmeTKa «4» CTaBUTCS B CIEAYIOLUIUX CIy4asx:

e paboTa BBINOJIHEHA MOJHOCTHIO, HO 0OOCHOBAHUS IIarOB PEIICHUS HEAOCTATOYHBI
(ecmu yMmeHHe OOOCHOBBIBATH PACCYXKACHUS HE SBISUIOCH CHEIHAIBHBIM OOBEKTOM
MIPOBEPKH);

e JIOMYIIECHHI OJIHA OLINOKA, UM €CTh JBa — TPH HEJOUETA B BHIKIIAJKAX, PUCYHKAX,
yepTexkax uiu rpadukax (eciu 3TH BHIBI pabOT HE SBJSUIMCH CHEHHAIbHBIM OOBEKTOM
MIPOBEPKH).

OtmMmetka «3» CTaBUTCS, €CIIU:

e JIOMYyIIEHO He OoJyiee ABYX OUIMOOK MM OoJiee IBYX — TPEX HEJJOUETOB B BBIKIIAIKAX,
yepTexkax WM rpadukax, HO oOydaromwuiics obnamaeT o0s3aTeTbHBIMU YMEHUSMHU TIO
MIPOBEPSIEMON TEME.

OtMmeTKa «2» CTaBUTCS, €CIIU:

e JIOMYIIEHHI CYIIECTBEHHbIE OLIMOKH, MOKa3aBIIKe, YTO 00yJaromuiics He o0mIaaeT
00s13aTeNbHBIMA YMEHUSMH T10 JIAaHHOH TeMe B TIOJTHOM Mepe.

[IpenogaBaTenb MOXKET TOBBICUTH OTMETKY 3a OpPUTHMHAIBHBI OTBET Ha BONPOC WIH
OpUTHHAIILHOE pEeIIeHHEe 3aJayd, KOTOPhIE CBHJIETEILCTBYIOT O BBICOKOM MaTeMaTHUYECKOM
pa3BUTUM OOYYArOMIETOCs; 3a pelleHre Oojiee CIOKHOW 3a/ayd WIM OTBET Ha 0oJiee CIOKHBIM

5



BOIPOC, MPENIOKEHHbIE O00YYaloueMycsi TOTOJHUTEIBHO IIOCHIE BBIIOJIHEHUS WM KaKHX-ITHOO
OPYIUX 3aJaHUM.



[TpakTueckue 3ansatust Ne 1,23

Tema: Beruuciaenue npeaesia GQyHKIUM B TOYKE, HA 0€CKOHEYHOCTH.
Tema: PackpbiTHe NpOCTEHIINX HEONPEAEJIEHHOCTEI.
Tema: Ucnosib3oBanue 3aMedaTelbHbIX NPEAeJI0B.

Heanb: copMupoBaTh yMEHHE HAXOIUTh NPEACTBl IOCIEAOBATEIFHOCTEH U TPEAeibl
(YHKIIH, HCITOJIB30BATh 3aMeUaTEIIbHBIE MPEACIBI ISl HAXOXKCHHSI IPEICTIOB.

TeopeTnueckue CBeICHUA:
[IycTs CymiecTByeT nocie10BaTeIbHOCT JEMCTBUTEIBHBIX YHCEIT {an eR:n> 1} .

Yucno a Ha3bIBaeTCs nmpeacjaomMm mocjaeaoBaTeJIbHOCTH
lima,=acR< Ve>0 3njeN

nN—o0

vn>n, |a,—-a<e

lim n®+6n-5
pumep 1. Berancauts npexen ">=10n° —8n” +2
6 5
i+ — -
. n*+6n-5 . ( n’ n3j 1
Pemrenne IImm: 5 27-10
—en =+ ﬁ@0—+3j
n n
n*>-2n+3

im—
—»12n° +4n° -1

[Tpumep 2. Berurcnuts npeaen

efl_2,3
n*-2n+3 _lim_\n ')

n
Pemenne "> 12n° +4n* —1 o= n? (12+4 13) 12
n n

. n°+6
lim
n—o7Nn—8
[Tpumep 3. Berurcauts npeaen
6
2
. n*+6 . n(l+F) 1
Pemenne "7 /N—=8 = o 7_8y 0
n n

Iim(\/Zn +8 —«/ﬂ)

n—o0

ITpumep 4. Boruncnuts npenen



Pemenue

| | (Venra—vaoz)(Vanravhcr) ((V2ee) (V1))
'I“I‘TO( 2n+8—ﬂ)_!m (\/2n+8+«/E) —!m (\/2n+8+\/E) -

9
i n[1+]
_jim2n+8)-(n-1) o 2n+8-n+l L n+9 _lim n

naw(«/ﬁ+«/ﬁ) "—”’(\/Zn+8+\/E) ”%(VZ”+8+M) n%[\/nz(z

=3
+
3’\)‘00
N——
+
_
=]

N
TN
S|
I
3.\,"—‘
~
N—

”*@n(J(&:z%J(i—;nmu@:z%ﬁi—:zn%

Yucio A uasbiBator npenenom gynkmun f(x) mpu X — X, (u mumyr lim f (x) = A),
X=X,

ecan s odoro € >0 uaiigercs uncio 0> 0, 3aBucsmee ot , Takoe, uTo A5 Beex X # X,

YAOBJIETBOPAIOLIMX YCJIOBUIO |X — Xo| <, BBINOJIHSAETCS HEPaBEHCTBO | f (X) — A| <E&.

Teopembl 0 npeaesax:
1. limc=c (c=const).
X—>Xp
2. Ecn lim f(X)=A, lime(x) =B, To:
X—Xg X—Xg
lim(f(x) £e(x))=lim f(x) £ limp(x)= A+ B;
X—Xg X—Xo X—Xg

Im(T (x)0(x))=lim T (x)-limp(x) = A-B;

lim ()
limt ) _on 7 _A g,
% @(X) lime(x) B
. sinx
IlepBbIii 3aMevaTe/IbHbINA MPeae: Img— =1.
X—> X

Bropoii 3ameuaTenbHbIi pegea (uucio e = 2,718...):
1

lim(L+1/X)* =€ nm lim(L+ x)* =e.

X—>00 x—0
3aMeuarebHBIE npeaeJabl:
.a-1 . e* -1
lim =Ina lim =1
=0 X x-0 X
. In(1+x . _log, (1+X
Ilm—( )=1 lim a )_Iogae
x—0 X x—0 X
 (1+x) -1
T ) e
x—0 X



Iirn53in8x
[pumep 5. Beraucnuts npepen X0 6X
0
, 55in8x[°}. 5sin8x-8 5-8 40 20
lim——=1im = =— ="
Pemenne 0 6X x>0 6-8X 6 6 3
. In(1+5x
im 1+ 5%)

[pumep 6. Berancmuts npepen X0 X

lim In(1+ 5x)m im5In(1+5x)

0 0
Pemenne X = oX

1
lim(L+ 5x)*
Ipumep 7. Boranciuts npegen *°

1 [100} 1 5X.i Iim(5x~ij El

lim(L+5%)> = lim(L+5x)5 3 =g~ 3 _g3
Pemenne *0 x—0
2 X
. [ x*+4
Ipumep 8. Beraucmts npexen 1M >
el X7 +1
Pemenne
X | q® X
(e (xr 143 . 3 )
lim — =lim| ——— | =lim| 1+—; =
e X +1 ool X241 ol x2 41
X2+l 3
X X
3 X34l
P . Iimzi.x |im§7X .
:Ilm 1+ 2 :Ilm 1+ > :ex»ocx +1 :eX‘)wX +1:e :1
X—0 X +1 X—>00 X +1
3 3

Yro6bl HaliTH Npene iemMentapHoii gpynxmn lim f (X), HY’KHO NpeieJibHOe 3HAYeHUe
X—>Xo

aprymMeHTa NMOACTABUTH B (PyHKIMIO U nmocunTaTh. [Ipu 3TOM, €C/IM X=X0 NPUHALTEKUT 00J1ACTH
omnpeaesenusi GyHKIUU, TO 3HAYEHHE Npe/iesia OyaeT HaleHO, OHO PAaBHO 3HA4YeHHI0 PyHKINHU B
TouKe X=Xo. IIpH BbIYMC/IEeHUH TIpPeeOB MO0JIe3HO MCIOJIb30BATH CJEAYIOIIME COOTHOIIEHMS.
Ecom C=const, ¢c#0, C#oo, TO, YYUTHIBAs CBOICTBA 0.0. M 0.M. pyHKUMIA, IOTyINM:

0 —0;, — > x; ad —®; o —>0,c0—>0; a® —0,ec;mm0<a<l;a” — oo, ecsim a>1.
o 0 o

Cnyqan, B KOTOPbIX moaACTAaHOBKA npeaeJabHoro SHAYCHUA apryMmeHra
B (l)yHKIII/IlO HEC aaer SHAYCHUA npeneJia, Ha3bIBAKOT HEONMPEACTCHHOCTAMM ;
K HUM OTHOCHATCHA HEONPEACJICHHOCTH BUAOB:

(Ej, (%} (0-00); (00 —00); (17); (OOO); (OO)-



2x° +15
Boramcuts npegen X1 10X —4
_2x*+15 . 2.1°4+15 2+15 17
Pemenne lim——-—=Iim — = =—
x-110x° -4 »110-1°-4 10-4 6
2_
[Tpumep 10. Iimzx—l6
Berauciuts npegen ¥4 X° —5X +4
0
x*—16 H (x—4)(x+4) . (x+4) .. (4+4) 8
Im— =1im =lim =lim ==
Pemenne ¥4 X° —5X+4 x4 (x—-4)(x-1) =4 (x-1) x4 (4-1) 3
fim 2% +8 23X

[pumep 11. Beraucnuts npegen *° X—=5

ITpumep 9.

—

Pemenne

lim J2x+8 —+/23-x [SJ“m(sz+s—st_x)(sz+s+¢23_x) i

x—5 X-5 X—5 (X—5)(«/2X+8+\/23_X)

((J2x+8)z—(J23—x)2)_lim ((2x+8)-(23-x)) .~ (2x+8-23+x)

=lim
=5 (x=5)(V2x+8+28-x) *°(x-5)(v2x+8+423-x) *7*(x-5)(v2x+8+23-X)

_ (3x-15) | 3(x-5) . 3
=lim =1 =lim =
HS(x—5)(\/2x+8+\/23—x) H5(x—5)(\/2x+8+\/23—x) x=35 (J2x+8+J23—x)
3 3 3 3 1 1242 22 2

(V25+8+23-5) (J1_8+J1_8)= 218 232 202 202202 42 4

Conep:xaHue NpakTHYECKUX padoT:

IIpakTHyeckoe 3ansaTHe Ne 1. BEIYUCIUTh TIpeaesbl OCIS0BATEIIBHOCTEH:

1) lim 2n+1 2)“mS—Zn 3)“mlOn+3
noo SN+5 nsw N+6 now  14+2N
_n)2 2 2 _1\2
MmN gy B Bn)” g (n+D) (0 =1
e 0N s (3—n)*=(3+n) e (N=1)°—(n+1)
3[r3 3 2
lim 2Nl gy, N 100" +1 9)lim(/4n—7 - n+2)
n—w n+2 e 100n° +16n n—o0

IIpakTuuyeckoe 3ansitne Ne 2. BerauciuTh npenensl QyHKIMA:

4 2 _ 3_ay_ Vi+x-1
Dlim X 2T oy X 32 3)|img
x>0 X° —3X"+X x>1 XT+X X0 X

: (V1+2X_3) X2 =3X+2 - (x+1) 2+ (x-1)?
4lim—=——= 5)lim——s—— 6)lim 5 5
X—4 \/_—2 x—1 X =1 x—1 (X—l) —(X+1)

3@ +ox— 3_15y2 VAX—T7 —x+2
7)lim YX 2L gy iy X o5X A X 9)Iim( )
X—>-2 X+2 x->0  18x°+15x X2 X—2
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IIpakTuyeckoe 3ansitme Ne 3. Bpramcnuts mnpenensl (QYHKIHMA, HCIONB3YyS 3amMedaTelIbHbIC
IIPEJIEIbI:

2 41 X x+1
1)Iim£x j?’J 2)Iim[x—+ﬂ 3)Iim(2x+3j
X

X—>00 X—>%0 - X—>%0 2x+1
2 In(1+sinx 2_
#)lim(1+10x)" 5)Iim(_—) 6)lim > —>X
X—0 x—0 sin4x x=0  SIN4x
7)“mtg3x 8)“m9ln(1—2x) g)limarcsmlx
x>0 1gX x>0 4darctg3x x>0 SINX-X

[TpakTuyeckue 3ansatust Ne 4,5

Tema: Boruucienue o1HOCTOPOHHUX NpeaeoB, KIacCuGuKanmus TOYEeK
paspbiBa.
Tema: UcciienoBanue pyHKIUNA HA TOYKH paspbiBa.

Hean: chopMupoBaTh yMEHHE HCCIENAOBATh (DYHKIIMIO Ha HENPEPHIBHOCTh W HAJIHUYUE TOYECK
pas3pbIBa, OTMPEACISTh POJ] TOUEK Pa3phIBA.

TeopeTnyeckue cCBeIeHHS:
DOyHKIHA y = f(x) Ha3bIBAETCH HeNnpepbIBHOM

B TOYKe X0, €C/TH OHa: 1) ompe/esieHa B TOUKe Xo; 2) HMeeT KOHeUHBIi nmpegea npu X —> X;; 3)

TOT mpeje] paBen 3uadenuto pynxuun B 31oii Touxe lim f (X) = f(x,).
X=X

D yHKUUSA HA3bIBAETCH HeNpPePbIBHOM, eCJIN:
1) limlf=0 [Of="fX,+Ix)—f(x,)
0

2) Ve>0 35>0 |x-x|<d = [f(x)-f(x)|<e
3) lim f (x)=f(x,)
X—Xg

DyHKUUS Ha3bIBAETCH HeNpPepbIBHOI HA HEKOTOPOM IMpPOMeExXyTKe X, ecJH OHa
HemnpepbIBHA B KAXK/I0H TOYKe 3TOr0 NPOMEKYTKA.

Ipumep 1: Jlokazats, uto dpyrkums f (X) =3X*—2X+1 HenpepsiBHa Ha (-00;+00)
Pemenue:
0f = (3(XO+D X)* =2 (X +] x)+1)—(3x02— 2x0+1) =3 X, +6X, X +31x* = 2%, — 21X +1-3X,*+2X,~1=
= 6X, X +31X* — 27X
lim? £ = lim (6x,[1x +31x* ~21x) =0
Touka Xo Ha3bIBAETCSA TOUYKON pa3pbiBa (GYHKIIMHU, €CIIU B TOM TOUYKE HE BBITIOJIHEHO XOTs Obl
0JIHO W3 yclnoBui 1—3 HenpepsiBHOCTH (QYHKIMHU. Bee siemMeHTapHble (YHKIUHM HETPEPHIBHBI BO

BCEX TOYKAX, I'/Ie OHU ONPEEIICHBI.
Knaccudukanus Touek paspbiBa:

1) xo— TOYKA yCTPAHUMOIO pa3pbiBa, eC/IH a) Iim0 f(x)= Iim0 f(x) = f(x,)
X—>Xp— X=X+

0) B TOUKe X0 (P)YHKIMSI He OMpe/iesieHa
2) Xo—Touka paspbiBa | poxa, ecim lim f(x)= lim f(x)
X—>%—0 X—>%y+0
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h=f(x,+0)— f(x,—0) - ckauok pynkuuu
3) Xo— Touka paspbiBa |l poaa, ecau xorTs ObI OJMH U3 OJHOCTOPOHHHX NPEIEIOB PABEH
0€CKOHEUYHOCTH HJIM He CYIeCTBYeT

[Ipumep 2:
HaiiTi Touku paspbiBa QyHKINUU U YCTAHOBUTH UX THII
x?+1 x<1
a)y=f(x)=3 0,x=1
X+1,x>1
) ) B
XILTO(X +1) -2
XILTO(X +1) - 2
f()=0
=X, =1 mouxa ycmpanumozo paspviea
X3, x<1
o)y =f(X)= ’
)Y = () {X_ZM

lim x* =1 lim (x-2)=-1

x—1-0 x—1+0

= X, =1 mouxa paspvisa I pooa

N 1 1
lim 2x1 = |lim 2¥01 =27~ :2—00:0

= X, =1 mouxka paspwisa I pooa

[Tpumep 3.
1
y=2%3
3anana GyHKUUA ¥ IBa 3HAUCHUS apryMeHTa X =3,Xp =1.
TpeGyercs:
— HaiiT npenensl GyHKUUU NpU NPUOIMKEHUN K KaKIOMY U3 JaHHBIX 3HAYeHUH X cleBa U
CIIpaBa;

— YCTaHOBUTb SABJSETCA JIM JaHHas (PyHKIMS HENpPEepbIBHOW WJIM pa3pbIBHOW AJIS KaKJOTrO M3
JAHHBIX 3HAYCHUN X ;
— CHeNaTh CXeMaTUYECKUM YEepTEXK.
Pemenne. Haiinem sieBbIii U IpaBbIil IPeEbl B TOUKE X = 3.

oY Tt=x-3, ot
lim 2*3 = = lim 2t =0,
x—3-0 X—>3-0,t >0-0]| t»0-0
1 . 3 1
1 —x-3 _ 1
lim 2x-3 = = |lim 2t ==,
X—>3+0 X—=>3+0,t >0+0| t—=0+0
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JleBbiii mpenen koHeueH W paBeH 0, a mpaBelii mpenen OeckoHeueH. CremoBaTeNbHO, IO
OIIPE/ICJICHNIO X =3 TOYKa pa3pbIBa BTOPOTO poja.

Haiinem neBbIii 1 IpaBblii Ipeaessl B Touke Xg = 1.

1 1 1 1
. Y 1 . X 1 1
lim 2x3=2-2_-_— lim 2x3=2-2=-—" yl)=— |, T.€ Xg =1 ToOuka
X—1-0 J2 x5l1+0 V2 v V2 0
1

HENpepHIBHOCTH (GyHKIMH Yy = 2X~3
CraenaeM cXxeMaTHYECKUI YEPTEXK.

YA

-
;V<

[Tpumep 4.

OyHKIMS 3aJaeTcsl Pa3iNYHbIMH AHAIUTUYECKUMHU BBIPAKEHUSMU JUISL pa3iMyYHBIX obsacteit
HE3aBUCUMOM NMEPEMEHHOM.

Tpebyercs:

1) HalTH TOYKH pa3pbiBa QYHKIIUHU, €CIIH OHH CYIIECTBYIOT;

2) HaWTH CKa4OK (QYHKIIMU B KQXKIOW TOUKE pa3phiBa,

3) chmenaTh CXEMaTHYCCKHUI YEPTEXK.

x—-1 x<0,

y = x2—1,0£x£1,
2,x>1.

Pemenne. @ynukuus Y = X—1 nenpepsiBHa i X <0, dyHKIusg Yy, = x? -1 HETpepbIBHA B
Ka)JI0M TOYKE U3 [O,l], GbyHKIMs Y3=2 HenpepbiBHA B KAXKION TOYKE HHTEpBaja (1, oo).
Touku, B KOTOPHIX (DYHKIIUSI MOXKET UMETh Pa3pbiB, 910 Toukn X =0 u X =1, rae GpyHkuus
MEHSIET CBO€ aHAJIMTUYECKOE BBIPKEHHUE.
Uccnenyem Touky X =0.
lim y= lim (x-1)=-1, lim y= lim (x2 —1)= -1, y(0)=-1. Taxum o6pasom,
x—>0-0 x—0-0 x—0+0 x—0+0
touka X =0 ecTh TOUKa HENPEPHIBHOCTH (YHKIIMH y(x).
Uccnenyem Touky X =1.
lim y= Ilim (X2 —1)= 0, Ilim y= Ilm 2=2, y(1)=1—1= 0 . Takum o06pa3om,

X—1-0 Xx—1-0 Xx—1+0 X—1+0
OJHOCTOPOHHHE TPENAENbl CYIIECTBYIOT, KOHEYHBI, HO HE paBHBI MEXKIY cooonn. Ilo
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ONIPE/EICHNIO, HCCIeAyeMasl TOYka — TOYKa pa3pblBa IIEPBOrO poja. BennmumnHa ckauka
dyuxuny B Touke paspeia X =1pasen d =| lim y— lim y|=[2-0/=2.
Xx—1+0 x—1-0

CraenaeM CXeMaTHUCCKHUI YepTexK
Ya

Puc. 2

Conep:xaHue NpaKTHYECKOH padoOThI:
Bapmuanr 1.
1. [Jana ¢pynkuusa y = f(X) u aBa 3HaueHus aprymeHTa X.
Tpebyercs.
1)HaiiTi 3HaueHue GyHKIIUU TIPU CTPEMJICHHH apryMEHTa K KaKJAOMY U3 JJaHHBIX 3HAYCHHH X |
2) OnpenenuTs, ABISETCS U QYHKITUS HEMTPEPHIBHOW WU Pa3pBhIBHON MIPH TAHHBIX 3HAYCHUAX X ;

3) CnenaTb cxeMaTU4ECKHH 4epPTEXk B OKPECTHOCTH TOYEK X; U Xj.

N
y=eX7, % =7,X,=0.

2. Jlns xycouHo-3agaHHON QyHKIMH Y = f(X).
Tpebyercs.
1) Haiiti Touku pa3psiBa GyHKITUH, €CIIH OHU CYIIECTBYIOT;
2) HaiiTu cka4ok (hyHKITMU B KaXIOW TOYKE Pa3pbhiBa;
3) Cnenatb cXxeMaTUYECKHI YepPTEK.

X+4, ecnu X< -1,
y= X2+2, eciu -1<x<1],
2X, ecnu x=>1.

3. MUccnenyiite pyHKIMIO Ha HENPepbIBHOCTh. Chenaiite 4epTéx.
2, eciu  x<-1
y=42-2%X, ecmu -l<x<1

Xx-1, ecmu x>1
Bapmuanr 2.
1. Hana ¢pynkuus y = f(X) u 1Ba 3HaueHus aprymeHTa X.
Tpebyercs.

1) Haiftu 3HaueHue pyHKIMU IPU CTPEMIIEHUH apryMeHTa K KaKJ0MY U3 JaHHBIX 3HaAUYCHUH X ;
2) OnpenenuTb, SABIsETCA U GYHKIUS HEMIPEPHIBHOM WM Pa3pbIBHOM NMPH JaHHBIX 3HAUEHUSIX X ;
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3) CnenaTh cXeMaTUYECKUI YEPTEXK B OKPECTHOCTH TOYEK Xy U X5 .

y=In(x-8), x, =7, x, =8.

2. Jlnst Kyco4HO-3aaHHON QYHKIUHU Y = f(X).
Tpebyercsi.
1) HaiiTu Touku pa3peiBa GyHKLUHU, €CJIM OHU CYLIECTBYIOT;
2) HaiiTu ckauok QyHKIMU B Ka)KJOW TOUKE pa3pblBa;
3) Cnenarb cXeMaTUYECKHUI YepTEK.

COS X, eciu X <0,
y=<:1-x, eciu 0<x<2,
X2, ecau X > 2.

3. MHccnenyiite pyHKINIO HAa HEMPEPBHIBHOCTD. CemnaiiTe 4epTéx.

X2 — 4, ecnu x<-1

y=1< 3X, eciu —-1<x<3
5, ecnu x>3
Bapmuanr 3.
1. Jlana ¢ynkmus y = f(X) u aBa 3HaYeHUs aprymeHTa X.
Tpebyercs.

1) HaiiTu 3nauenne QyHKIMY NPU CTPEMIIEHUH apTyMEHTa K KaKJIOMY U3 JaHHBIX 3HaYeHUH X
2) OnpenenuTsb, ABISETCs U (PYHKIUS HEMPEPHIBHON WIIM Pa3pbIBHOM MPH TAaHHBIX 3HAYEHUSIX X ;
3) CnenaTb cxeMaTU4ECKHH YEPTEkK B OKPECTHOCTH TOYEK Xy U X5 .

1
y=ex2, %X =2, %X, =1.

2. Jlns xycouHo-3agaHHON (QYyHKIMH Y = f(X).
Tpebyercs.
1) Haiiti Touku pa3psiBa GyHKITUH, €CIIH OHU CYIIECTBYIOT;
2) HaiiTu ckadok (GyHKIIMU B KaXJIO0W TOUYKE Pa3phiBa;
3) CaenaTh cXeMaTHYCCKUN YEPTEK.

=X, ecu X <0,
y = —(X—l)z, eciu O0<x<?2,
X—3, eciu X=>2.

3. Hccnenyiite pyHKIMIO Ha HETIPEPBIBHOCT. ChenanTe 4epTex.
3Xx+1, ecmu x<O0
y= X2+1, eciu 0<x<l

0, ecnu x>1

Bapmuanr 4.

1. Mana ¢pynkuus y = f(X) u 1Ba 3HaueHus aprymeHTa X.
Tpebyercs.
1) Haiftu 3Hauenue pyHKIMU IPU CTPEMIIEHUH apryMeHTa K KaKJ0MY U3 JaHHBIX 3HAUCHUNH X ;
2) Onpenenuts, ABsETCs U GYHKIUS HEIPEPHIBHOM WM Pa3pbIBHOM NMPH JaHHBIX 3HAUEHUSX X ;
3) CnenaTb cxeMaTU4ECKHH 4epPTeXk B OKPECTHOCTH TOUYEK Xy U Xj.

X—4
y=——— X =4,X, =-5.
x2 +x-20 ! ?
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2. Jlnst Kyco4HO-3aaHHON QYHKIMHU Y = f(X).
Tpebyercs.
1) Haiftu TOUKM pa3pbiBa GYHKIMH, €CJIM OHU CYIIECTBYIOT;
2) Haiitu ckadok (yHKIIUHN B Ka)KJOH TOYKE pa3pbIBa;
3) Cnenarb cXeMaTUYECKHI YepTEK.

sin X, ecnu x <0,
y= X2, eciu 0<x<2,
0, eciu X > 2.

3. MUccnenyiite pyHKIMIO Ha HEPEPHIBHOCTH. Chenaiite 4epTéx.
Xx-1, ecmu x<0

y= X2, eciu 0<x<2»

2X, ecau x=>2

Bapmuanr S.

1. [Jana ¢pynkuusa y = f(X) u aBa 3HaueHus aprymeHTa X.
Tpebyercs.
1) HaiiTu 3nauenne QyHKIMY NPU CTPEMIIEHUH apTyMEHTa K KaKJIOMY U3 JIaHHBIX 3HaYeHUH X ;
2) OnpenenuTsb, ABISETCs U (PyHKIUS HEMPEPBHIBHON WM Pa3pbIBHOM MPU JaHHBIX 3HAYEHUSIX X ;
3) CnenaTh cXxeMaTUYECKHH 4ePTEXk B OKPECTHOCTH TOYEK Xy U Xj.

_1
y=54x % =11 X, =3.

2. Jlns xycouHo-3agaHHON QYyHKIMH Y = f(X).
Tpebyercs.
1) Haiiti Touku pa3peiBa (GyHKITUH, €CITH OHU CYIIECTBYIOT;
2) HaiiTu cka4ok (hyHKITMU B KaXIOW TOUYKE Pa3pbhiBa;
3) CaenaTh cXeMaTHYECKUN YEPTEK.

X+ 2, eciu X< -1,

y = X2 +1, ecau -1<x<1],
—X+3, ecuu Xx>1.

3. Hccnenyitte GyHKINIO HAa HENPEPHIBHOCT. CrienaiTe 4epTéx.
J1-X, ecuu x<0
y=44-x*, ecmu O<x<2'

X—2, ecuu x=>2

Bapuanr 6.
1. [Jana ¢ynkuusa y = f(X) u aBa 3HaueHus aprymeHta X.
Tpebyercs.
1)Haiitu 3HaueHne GpyHKINHN MpU CTPEMIICHUH apTyMEHTa K KaKJIOMY U3 JaHHBIX 3HAUeHUH X
2) OnpenenuTsb, ABISETCS U (PYHKIUS HEMPEPBHIBHON WIIM PA3phIBHOM MPH TAHHBIX 3HAYEHUSX X ;
3) CnenaTb cxeMaTU4ECKHH 4epTeXk B OKPECTHOCTH TOUYEK Xy U Xj.

N
y=eX7, % =7,X,=0.

2. Jlynsg Kyco4HO-3a/laHHON QYHKIIUHN Y = f(X).
Tpebyercs.
1) Haiftu TOUKM pa3pbiBa QyHKIMH, €CIIU OHU CYLLECTBYIOT;
2) Haiitu ckadok (yHKIIUHM B Ka)KJOW TOUKE pa3pbIBa;
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3) Cnenarb cXeMaTUYECKUI YEPTEK.

COS X, eciu x <0,
y=41-X, eciu 0<x<2,
X2, ecau X> 2.

3. Hccnenyiite pyHKIHIO HA HETIPEPBIBHOCTH. ClemaiTe 4epTéxK.
3Xx+1, ecm x<O0

y= X2+1, eciu 0<x<l1

0, ecnu x>1

[TpakTuyeckue 3anstus Ne 6,7,8

Tema: OcHoBHbIe paBuJia TupPepeHIPOBaHUA GyHKIHUH.
Tema: HaxoskaeHue npou3BOAHOM CJI0KHONH QYHKIUH, 00PATHOM (PYHKIIMH.
Tema: Haxoxaenue npou3BOAHOM TPUTOHOMETPHYECKUX (PYHKIUM.

Heab: cpopmupoBaTh yMeHHE HAaxXOOUTh MPOU3BOJAHBbIE (YHKIUH, 3aJaHHBIX B SBHOM,
Jorapu(MUUECKOM U IapaMeTPUUYECKOM BHJE, HAXOJIUTh MPOU3BOAHBIE CIOKHBIX (YHKIHMH,
TPUTOHOMETPUUECKUX (PYHKIIHM, 3HATh FT€OMETPUUECKUNA CMBICI TIPOU3BOTHOM.

TeopeTnyeckue cBeIeHHS:
[IpousBonnoit  ynkmun Yy = f(X) Ha3bIBACTCSI KOHEUHBIA Mpenesl  OTHOIIECHUS

npupamenns ¢pyaxun Af = f (X + AX) — f(X) k npupamennio HesaBucumoit mepemennoii AX
TIPH CTPEMJICHHH MOCIEHEro K HYJIIO:

. A . F(x+Ax)— f(x
y’=f':I|m—y:I|m ( ) ().
Ax—0 AX  Ax—0 AX
O06o3HaueHUs TPOU3BOAHON B TOUKE X0:
dy|  df(x) ..,
f’(Xo)’ =, 25, Yy, y'(xo) U IpyTHe.
dx|, dx
0 Xo
Ecnu ¢ynkuus B Touke Xo (WM Ha mMpoMexyTke X) MMEET KOHEYHYIO MPOU3BOJHYIO, TO
byHKIMS Ha3biBaeTCs AU GepeHIUPYEMOii B 3TOU TOUKe (MJIH HA TPOMEXYTKE X).
[Iporecc oThICKaHMs IPOU3BOIHOM Ha3bIBaeTCs AU PEpeHIIMPOBAHUEM.

1)

I'eomeTpuueckuii CMBICT POU3BOIHOM.

4 y=/® r  Ecmm KpHBast 3aJaHa ypaBHCHUEM y=f(X) :

1o f '(XO) =g — yrioBoii Ko duIKEHT KacaTenbHOU K rpaduKy

dysxuu B sroit Touke (K =tga = f '(XO) ).

J) o(Xy,¥,) YpaBneume KacaTeJbHO# K KPHUBOii y=f(X)
B TOYKeE X0 (npamast MoT) uMeeT BH]L
y= f(xo)+ f’(XO)(X—XO), (2)
N a ypaBHenue Hopmaiu (MoN):
0 »X
o 5 > 1
’ = f (X)) ————=(X—X,). 3
= 106) ~ 15 (X %) ®
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IIpaBuna nudgepenuupoBanus

N |U = u(x), V=V(X) —||Ne U = ux), V=V(X) —
nn | iuddepenuupyemsbie GyHKIuU 11 auppepeHnupyembie GyHKIUU
, , , IIpousBoaHass CI0KHON (PYyHKUUH
I u iV =Uu iV Vi ' !y
() y= U], ¥ = 4,
I (u .V)’ =u'v+uvVv D yHKIUA 3aJaHa
napaMeTpu4ecCKUMH ypPaBHEHUSIMU
\4l — '
m | (cu) =cu’, c=const {X_X(t) y' _dy _w
1 X ] .
y=y(t) dx X
!
!. _ R ! -1
v (Ej _UVUY 0 £0) e y=f(X) u x=f"(y) —
\ \ Vil B3aHMHO  oOpaTHble  (yHKUUH,
' 1
v |(c)_ cv c=const TO x’y:7, (y, #0).
v V2 (v(x) #0) X

®opmyJibl TP PepeHuMPOBAHUA OCHOBHBIX 3JIEMEHTAPHBIX (DYHKUMIA

Ne c=const, X — He3aBHCHMAas nepeMeHHas,
mn | u=u(x) — auddepenuupyemast pyHKuus
1 |C=0 9 | (cosu) =-sinu-u’
!
2 |x=1 10 [ (tgu)' =—
COoS“ U
!/
3 | (Uu*) =au*tu 11 | (ctgu) =——
sin“u
. u’
4 | @)=a"Inav’ 12 | (arcsinu) = ——; |u|<1
V1-u?
ul
5 | (e') =" 13 | (arccosu)’ = ———; |u|<1
J1-u?
! !
6 (log,u) = (u>0) 14 | (arctgu)' = >
ulna 1+u
u! u!
7 (Inu) =— (u>0) 15 | (arcctgu)' =— >
u 1+u
8 (sinu)’=cosu-u’

IIpon3BoaHas cI0KHOM M 00paTHON PpyHKIMI

Onpenenenune. Ilycte y=f(u) u u=¢(x) , torna y=f(eo(X)) - caoxHaa ¢GyHKIUI C
MIPOMEXYTOYHBIM apryMeHTOM X U HE3aBUCHUMBIM apryMEHTOM X .

Teopema. Eciu ¢ynkius u = ¢(x) umeer npousBOAHYH u'(x) B Touke X , a (QyHKIMS
y = f(u) umeer npousBoHYO y'(4) B COOTBETCTBYIOIEH TOUKe u = @(Xx), TO CIOXKHAas (QyHKIUsS
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y= f(p(x)) umeer mnpouwsBoAHyr0 y'(x) B TOYKE X KOTOpas HAXOAUTCA 1O Qopmyne

Y'(x) = y'(u)xu'(x) .
IIpaBuj10 HAXO0KAEHUS MPOU3BOAHON CJIOKHOM (PYHKIMHU:

Jlist HaXOKJCHHUS MPOU3BOJIHON CIO0KHON (DYHKIIMM HAIO MPOU3BOAHYIO JAHHON (YHKIMH IO
MPOMEKYTOYHOMY ApPryMEHTY YMHOXHWTh Ha MPOU3BOJHYIO IPOMEKYTOYHOTO aprymMeHTa Io
HE3aBUCUMOMY apryMEHTY.

DTO MPaBUJIO OCTAETCS B CUJIE, €CITU MTPOMEKYTOUHBIX apI'yMEHTOB HECKOJIBKO.

Oo0paTHas pyHkums
Onpenenenue. [lycts 3amana ¢pyakmus y = f(X) ¢ obnactero onpeneneaust D 1 MHOKECTBOM

3HadeHnd E . Ecim xaxnoMy 3Ha4eHHI0 y € E COOTBETCTBYET €IMHCTBEHHOE 3HaueHue x € D, To
onpeneneHa Gpynkuus x = ¢(y) ¢ odnacTeio onpeaeneHuss £ u MHOXeCTBOM 3HaueHuit D (pucl).
Takas Qyskims x = @(y) HaseiBaercss obparHoil k ¢ynkumun V= | (X) u samuceiBaetcs B

cienytomem Bume: x =@(y)=f '(y). Ipo bynkimn x=¢@(y) u y= f(X) roBopsr, 4ro oHH
ABJISAKOTCS B3AUMHO 06paTHBIMI/I.

— f
1)y:§1/1x:§
X Y
2) y=x+1 u x=y-1

w

3) y=2x-3 I/IXZy;_

( Jnst Toro, uto6sl must GyHkiuu y = f(X) HaiiTh 00paTHYI0 (QYHKIHIO HAJ0 MEPEeMEHHY0 X
BBIPa3UTh Yepe3 MePEeMEHHYIO V).
Teopema. Eciu pynkuus y = f(X) cTporo MOHOTOHHA Ha MHTEpBaie (a;0) U MMeeT He PaBHYIO

HYJII0 Tpou3BoaHYK f'(X) B NMpOM3BOJHON TOYKE STOrO MHTEpBaia, TO OOpaTHas el (QyHKIUS
X=@(y) Takke HUMEET MPOU3BOJHYK ¢@'(¥) B COOTBETCTBYIOIIECH TOYKE, OIPEACIICMYIO

aBeHcTBOM @'(y) = L
p oy f'(X).

ITpumep 1. Haiitu npousBoiHble (HyHKIMI:

a) y =3%" +€/?—i3; 6) s=(e' —2Int)sint; ) U :ctgﬂ; r) Z :_arctgzzt.
X 3 1+ 4t
Pemennue.
a) Ucnonb3ys npasuina I, 111 u popmyny (3), momyunm:
Y = (3 + 3 —41x%) =30C) + (X3 - 4(x ) =

=35x" + % x® —4(=3x*) =15x" + 31 +32

3 x*

19



0) HUcnome3ys mpaBwina auddepenumpoBanust npousBeaeHus ¢ynkumidi |, passoctu |,
dopmynst (5), (7), (8) u yauTeIBasi, 4T0 HE3aBUCHUMAs epeMeHHas ecTh i, T. e. t=1, momyuum: [

s=[(e' —2Int)sint] = (e' — 2Int)'sint + (¢' — 2Int)(sint)’ =

((e')' —2(Int))sint + (e' —2Int)cost = (et — %jsint +(e' — 2Int)cost.

B) CioxnHass  cTemeHHas  (QyYHKUWS,  HE3aBUCUMasih  IIEpEeMEHHas  ecTb  V,
T. . V=1,[] ucnons3ys ¢popmyimy (3), morydnm:

uf:[(ctgéf}ﬂ(“g%)(“g%j

4

Afant] -3k

sin —

!

1 thg! cos!

_octg¥| -3 |- _"3__2"3
3| sin?Y 3sin2Y  SsindY

3 3 3

r) MUcnonms3ys mnpaBuna  auddepenimpoBanuss  yactHoro 1V, cymmer |, |l
u Gopmyisl (3), (14), yaurtsiBas, uto t=1, nmomyuum:

L (arctht J' _ (arctg2t)'(1+4t%) — (arctg2t)(L + 4t%)"
1+ 4t? (1+ 4t%)?

(2t) 2
liat (1+ 4t°) —arctg2t(0+4-2t) 2 8tarctg2t
(1+4t%)? L+4t%)
[Tpumep 2. CocTaBuTh ypaBHEHUE KACATENHHOW M HOPMAIM K KPUBOH Y =/ x* —3 B Touke ¢

a0crLuccoi xo=2.
Hcnonp3yem ypaBHEeHUs KacaTenbHoM (2) u Hopmam (3):

1) y(%) =y(2)=v2* -3 =1,
2) y'(x) = (Xt ~3)2) = %(xz 3)2(x*-3) = %(xz ~3)22x=

X .

I -3’
V(%) =Y(2) ==

i V22 -3

Honacrasum Xy, Y(X,), y’(xO) B ypaBHeHHs ¥ noydum: Y =1+ 2(X - 2),

wm 2X — y— 3=0— YPaBHEHHE KacaTeIbHOM.

=2.

y :1—%(X —2), umn X+ 2Y —4 =0— ypasnenne nopma.

IIpumep 3. Haiitu mnpoU3BOIHYIO y; , ecau (yHKUMS 3aJaHa [apaMeTpPUUYECKH:
x=In(5-2t)
y =arctg(5 - 2t).
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_ N

!
Ucnonesyem npasuio VIl Y, ==,

, _(b=-2t) -2
5-2t 5-2t
, (5-2t) -2
Yo = 2~ 2
1+(5-2t)° 1+(B-2t)
—2 -2 5-2t 5-2t

I (G207 5-2t 1+(5_21 4t —20t+26
[Tpumep 4. BeruncnuTh TpOU3BOAHYIO CIIOKHON (DyHKITUH:
1) y=In (e‘“‘ +¥e* +1).

Pemenue:

y = In(e“" +3/e* +1):

(nu) = (u)

u

1 ( 4x 3 2x )
= e +ie” +1) =
(e“" +3e® +1)

(U+v) =u+v, (e'“‘)' —ke*; (u™) =@um) :%umlu' -

4e* + 4634X(e‘“r + 1)%

) (e“x +M)

2) y= xarctg(2x+1)—%|n (1+x2);

Pewenue:

y" =(x) arctgx + x(arctg(2x +1)) —%x ! _(1+x?) =

1+x
:1xarctgx+;x(2x+1)'—L:arctg)ﬁ X
1+ (2x +1)? 2(1+ x?) 2x% +2x+1 1+ x?

[Tpumep 5. [Monw3ysce nmpaBuiaoMm auddepeHInpoBaHms 0OpaTHOW (YHKIIMH, HANTH MPOU3BOIHYIO
dysxmu y =¥x -1
Pemenne: O6parnas ¢pynkius X = y° +1 umeer npoussoauyio X , =3y°. Cle0BaTeNbHO,

1 1 1

ylx:_.: = .
X, 3" 3x3/(x-1)

ITpumep 6. Haiitu npousBoHyto ¢pyHkuuu Y = X" norapubmudeckum muddepeHInpoBaHIeM
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y=x

Iny=Inx"
Iny=x-Inx
(Iny)':(x-lnx)'
Lzl-lnx+x-1
y X
Y Cinx+l

y

y =y(Inx+1)

y =x*-(Inx+1)

ConepxaHue NpaKTHYECKUX PadoT:

IIpakTuyeckoe 3ansitue Ne 6.
1. Haiiti npousBoaHble 1-T0 mopsiaika TaHHBIX (YHKIIHMA

1) a)y=3x* —%—(‘/x_s; 6)s = (1+1°)(2 - 3arcctge);

2) a)y=5x—%+3§/x_6; 6)s = (4—3In) 5+ 2sin7);

3) a)y=7x2+%—§/x_2; 6)s = (3—cost)(5+6sin7);
2) a)y=5x2+%_%7; 6)s = (3 —4)(t - 2cos1);

5) a)y=x5—%+21/x_5; 6)s =t"(4+arctgr);

6) a)y=x“+1—2§/§; 0) s = (3+1g?)(1—4ctgr);
X

2. CocTaBHUTh YpaBHEHHUE KacaTeIbHOW U HOpMasH K KpuBoit Y=Ff(X) B Touke
¢ abcruccoi Xo.

2
1) X =3 X, =1.

X
2) N5-x%, X, =2.

X% +3x
3
4) &+2x, X, =9.

X2

5) ——, x, =1.
)X 5 %o

6) V1+3x, X, =1.

3)

, X =-1.
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IIpakTnyeckoe 3ansatue Ne /.
X = X(t)

) ! o
1. Haiitu npousBoaHyto Y, ¢yHKnum Yy = y(X), 3a1aHHOI TapaMeTPUUECKH: { )
y=y

{x =sin2t
1)

2. Haiigure nmpon3BoiHy0 QYHKITUN:
Bapmuanr 1

1) y=(3x* +8x3+7x% —+/3)°
2) y=+2-5x+(3x-5)°
4
3) :(3x—5)3
(2x-4)
Bapuanr 2

4
1) y=(4x6 —7x? +9x+%}

2) y=(9x-1)° +v/5-x2
3
3) y- (5-2x)
(3x+7)*
Bapuant 3

4
1) y=(4x3 —9x? +3x—%)

2) y=(2x-9)° +3x-1
3) - (8—5x)‘;
(2x-4)
Bapmuanr 4
1) y=(8x®-25x* —8x+7x)°
2) y=(3-8x)°++/5-2x
3) _(4-8x)°
(6-5x)*
Bapuanr 5
1) yz(— 2x" +4x° —\/§x)4
2) y=(8x—7)°+9-3x
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3) y- (4x-9)*
(3-5x)*
Bapuanr 6

5
1) y:(?x5 —2x3+8x—%j

2) y=(3-8x)’+v4-x°
3) :(4—5x)j
(4x+7)

IpakTuyeckoe 3ansaTue Ne 8.
1. Haiiaure npon3BoaHyI0 QYHKINN:
Bapuant 1

1) y='+3/x-tg2x-3"
X

2) y=co{x+2§j—tg(x—%j

Bapuanr 2

1) y:§—2\/;+cos3x—£2X
X

. 2 5z
2) y=sin Xx—— |-ct —
) y=si (x 3} g(x+ 6)

Bapuant 3

1) y:ﬂ+5\/;+ct92x+5X
X

2) y= sin(x —%) —tg(x +%)

Bapuanr 4

1) y:sin3x—1+6\/;—£4X
X

2) y=co.{x—%)—tg(x+2§j

Bapmuant 5

1) y:—E+2\/;—ctg3x+5X
X

2) y :tg[x+%j - sin(x—%)

Bapuanr 6

1) y:—E—Y\/;+sin2x—£3X
X

T 3
2) y=ct — |-C0§ X——
)y g(x+4j {X 4)

2. Haiftu npou3BogHyI0 GyHKIUY JoTapupmudeckuM auddepeHnnpoBanuem
1) y=(sinx)""
2) y=(cosx)"
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3) y — Xlnx

4) y =(sinx)""
5) y — XCOSX

6) y _ (tgx)lnx

[TpakTuueckue 3ansatust Ne 9,10,11

Tema: Bropas npoussoanas. IIpousBoaHbie BbICIIMX NOPAAKOB.
Tema: IIpousBoanbie u (uddepeHInANbI BHICIINX NOPAIKOB.
IIpasuio Jlonurajs.

Tema: Haxoxaenue npou3BoIHOH UPPALHOHAIBHBIX QYHKIMH.

Henab: chopMupoBath yMeHHE HAaXOAUTh MPOU3BOJHBIE N-TO MOpsiKAa (YHKIMN, 3aJaHHBIX B
SIBHOM, JIOTapU(MUYECKOM U MapaMeTpUYecKOM BHUJE, HAXOAUTh MPOU3BOJHBIE CIIOKHBIX
GyHKIMM, MppallMoOHaNbHBIX QYHKIUH, TPUMEHATH paBuiio JlonmuTtans 11 HaX0KISHUs NPeesoB.

Teopernyeckue cBeieHUs:

IMpousBoaHoii N-ro mopsiAKa Ha3bIBaeTCS TMPOU3BOJHAS OT MPOM3BOAHOW (N—1)-ro
MOPSIIIKA. [TpousBoHbIE BBICILIUX MOPSTIKOB BBIYHCIISIOTCS MoCJIeI0BATEIbHBIM
muddepeHIIMpoBaHUEM TaHHOHW (YHKITUH.

2

[IpounsBogHast BTOPOro nopsiaka y” = (y’)’ 158105 F
X
3

[IpounsBoHas TpeThEro mopsaka y’” = (y”)’ 158105 F U T. I
X

0 00
IIpaBunao Jlonurans. [Ipeaen oTHomeHUs 1ByX 0.M. (6 uim 0.6. | — | dyHkumii paBeH
o0

npeseny OTHOIICHHS HMX MPOU3BOJAHBIX (KOHEYHOMY WM OECKOHEYHOMY), €CJIM TOCIETHUI

CYILLIECTBYET:
. f(x . f'(x
|ImQ=|Im ,( ). (5)
0 @(X) % @'(X)
I‘IT06LI HCIIOJIb30BAaTh IIPpAaBHIIO Jlomurainsa IJIs1 PACKPBITUA HGOHpeHeHéHHOCTeﬁ I[pyrI/IX
THIIOB, BBIPAXKCHUEC 1101 3HAKOM IIpEAciia cnenyeT npeo6pa30BaTb QJICMCHTAaPHbBIMU CHOCO6aMI/I Tak,

0 00
4TOOBI OJIYYUTH HEOIPEIEIEHHOCTh (—j WIH (—j ¥ 3aTEM HCIIONBL30BaTh Gpopmymy (5).
00

Judpdpepenuuan GyHkuuu
Omnpenenenue. Ecnun Qynkuus Y = f(x) nuddepennupyemMa B Touke X , T.e. MMeeT B 3TOM

TOYKE KOHEYHYI MPOH3BOIHYIO f‘(X) , TO €€ MpupameHne Ay MOKHO 3alkcarb B BHJIE
Ay = F'(X)Ax+ a(AX) x Ax, tre |jm «(Ax) =0.

Ax—0
I'naBHasi, nuHeiHas OTHOCHTENBHO AX 4Yacth f'(X)AX mpupamieHus: QyHKIMH Ha3bIBaeTCS

andgepenunanom pynkuuu u obo3Havaercs dy :
dy=f'(X)xAx. (dy = f'(x)dx)

25



[Tpu mocraroyno manbix AX mpupaiieHue QyHKIUU TPHOIMKEHHO paBHO ee nuddepeHnnany
T.e. Ay=dy.

ITpumep 1. Haiitu npousBoHyto BToporo nopsaaka GyHkuuu Y = X2 Inx.
Pemenne. Y"'=(Y'), nostomy HaiinéM  mpOM3BOAHYIO ~ IIEPBOrO  MOPAIKA,

a 3aTCM BTOPOTO.
1

Y =(X*Inx)' = (x*) Inx+ X*(Inx)' = 2x-In x + x> = =2xIn X + x = X(2In x + 1).
X

y'=(X2Inx+1) =x'(2Inx+1) + x(2Inx+1)' =2Inx +1+ x2=2ln X+3.
X

[Ipumep 2. Haiitu mpenensl, UCHoib3ys npaBuio Jlonurans uiaM 3eMeHTapHbIe CIOCOObI
PACKpPBITHS HEOTIPEAETEHHOCTEN

A 4+2x-3 . 2X*+15x+7
a) liIm————; 6) lim —; ;

x>0 X“4+6 x> X°+5Xx—-14
Pemennue.

a) IlogcraBnsas B (yHKIMIO BMECTO X IpeAENbHOE 3HA4YEHUE OO , OINpeNesIuM Ipejel
YUCIUTENS U 3HAMEHATESL.

: : 2 3
|Im(4X3+2X—3):|Imx3(4+%—%):oo-4=oo, .k ——0, =—0.
X—>00 X—»00 X X X X
Ananornuno: lim(x* +6) = oo,
HNmeeM HeonpeneneHHOCTh BU/IA (E) . Ucnonw3zyeMm npasuno Jlonurans:
o0
A +2x-3 . (4x*+2x-3) . 12x*+2 (o
lim————=Iim ——=lim——=| — |=
X—00 X +6 X—00 (X +6) X—00 2X o0
2 '
1im 32X i 22X 1ok — oo,
X—>00 (2)()' x—0 D X—>0
2 _7\2 _
6 lim 2)(2 +15x+7 _ lim 2( 7)2 +15(-7)+7 :(gj:
x>-7 X°4+5x-14 x> (=7)°+5(-7)-14 0

i (2x* +15x+7) lim 4X+15 _ . 4(-7)+15 _-13 13
> (X* +5x—-14) 7 2x+5 7 2(-7)+5 -9 9

ITpumep 4. Haittu nuddepennnanst GyHKIHA:

a) Y=X+C0S2X; 6) u=3+€e"; B) s=In3t.

Hnsa muddepenumana ¢yHkuuun Y = y(x) cnpase;umBa dopmyna dy =y (X)dx, T. e.
middepennnan (GyHKIMM paBEeH NMPOU3BEICHHUIO MPOU3BOJHOW OT (QYyHKIMM Ha JuddepeHran
HE3aBUCHUMOU IIEPEMEHHOM.

Pewrenue.

a) dy = (x + cos2x)'dx = (1 —sin 2x-2)dx = (1 — 2sin 2x)dx.
6) du=(3+e ) dx=e"(-1)dx =—e “dx.
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o ds = (In3tydt = S gt = > gt = Lt
3t 3t t

Coz[epma}me NMPaAKTUYECCKUX paﬁoT:

IIpakTHuyeckoe 3ansitue Ne 9
Haiitu npousBoHyto Broporo nopsiaka pyuakiun y=F(X).
1) y=Inx+9
2) y=cosx—Inx
3) y =sinx+x*
4) y=x*+sinx
5) y=X+Inx
6) y =3e" +2x

IpakTnyeckne 3auaTus Ne 10, 11
1. Haiitu npezensl, HCTONB3Ys paBuiio Jlomuras.

16—x*

3) lim—92%_
x=01—COS X
2
4) lim 6X 5x+1;
x—1/3 1-3x

) 4sin X 1
5) lim— .
x>0 sIn 3X
2
. XT=X-2
6) lim——=
X—2 X—2
2. Haiitu muddepennmans: GyHKIUI:

Bapuanr 1 Bapuant 2

Haiigure muddepennnan pyHkumuu: Haiigure nuddepenunan GpyHkuuu:
1. y=3x5+8x3+7X2—\/§ 1. y:4x6—7x2+9x+z
4

15
2. y=—"21+2Jx —ctg3x +5*
=X ] 2. y:—§—7\/;+sin2x—£3X

3. yz(— 2x" +4x° —\/§x)4 X

5
T
. y=(8x-7)%+9-3x 3. y=(7x5—2><3+8><—5j
_ 4
5. yzw 4, y=(3-8x)*+4-x°
(3-5x) s
5 _(4-5x)

' (4x+7)*

Bapuanr 3 Bapuant 4

Haiinure muddepenuman GyHKIum: Haiinure nuddepennuan GpyHKIum:

7 5
1. y=7X5—2x3+8x—% 1 y=-2x"+4x° —/3x
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2. y:—§—7\/;+sinx 2. y:—E+2\/;— ctgx
X X

3. y=(3x"+8x° +7x? —/3)°
y=+/2-5x +(3x—-5)°

4
3. y=(4x6 —7x? +9x+%)

. (3x-5)* 4, y=(9x—-1)° +v5-x2
C T (2x-4)° g, (5-2)
' (3x+7)*

Bapuanr 5 Bapuanr 6

Haiigure muddepennnan GpyHkuuu: Haiigure muddepenunan GpyHkunu:
6 2
1. y=8x"-25x" -8x+rx 1 y:4x3—9x2+3x—%
4

2. y==+5Jx+ctg2x+5"
X 2. y=Sih3X—1+6\/;—E4X
X

4
3. y=(4x3 —9x? +3x—%j

3. y=(8x®-25x? —8x+1x)°
4. y=(2x-9)° ++3x-1 4. y=(3-8x)’ ++/5-2x
3
5. yo(8=50" 5. y= {278
' (2x—4)3 (6-5x)

[TpakTudeckoe 3anstue No 12

Tema: Ucciienopanue GyHKUMH ¢ MOMOUILIO MIPOU3BOIHOM
esb: Ucnonb3ya TEOPETHUECKUI MaTepHall U 00pasIibl PEIICHHs 3a]1a4, PEIIUTh PUMEPHI TI0 TEME

«UccnenoBanve (QpyHKIMM TpU MOMOLIM MPOU3BOAHBIX. VccienoBaHue M MoCTpoeHUE rpapuKoB
CIIOXKHBIX (PYHKIIHI»

Teopernyeckue cBeieHHs:
HccaenoBanue pyHKIUM Npu NoMoIu npousBoanbix. Hekoropbie Teopembl 0
aupdepeHnupyeMbIx GQyHKIIUAX.

Teopema Possi. Ecimu  ¢ynakmus )Y = f(X) HEMpEepbIBHA HA  OTPE3KE [a;b] ,
middepernupyemMa Ha uHTEpBaie (a;b) M Ha KOHIAX OTpe3ka MPUHUMACT OJWHAKOBBIC 3HAUCHHSI

f(a): f(b), TO HaigeTcs XoTs Obl ogHa Touka c € (a;b), B KOTOpOW MPOM3BOAHAS f (X)

oOpaiiaercsi B HyJb, T. €. f (C) =0 .
Teopema Kommu. Ecnu dysxmum YV = f(X) uy =(0(X) HETIPEPBIBHBI HAa OTPE3KE [a;b],

maddepeHnupyeMbl Ha UHTEpBaie (a;b), mpuuem (p'(x) # 0 1 x e (a;b) To Haiimercss xoTs GBI
f(b)-f(a)_ f'(c)
olb)-pla) ¢'(c)’

Teopema Jlarpansxka. Ecmu dynkuus )V = f (X) HEIIpEphIBHA Ha OTPE3KE [a;b] :
mubdepeHnupyema Ha uHTepBajie (a;0) ¥ Ha KOHIAX OTpe3ka MPUHUMAET OJMHAKOBBIC 3HAUCHUS
f(a): f(b), TO Haijercs XoTs Obl oJHA Touka ¢ € (a;0) Takas, 4ro BBHINOJNHSAETCS PABEHCTBO
f(b)-f(a)=f (cb—a).

CaencrBue 1 Ecnu npou3BojHass HEKOTOpOW (PYHKIMHM Ha NPOMEXKYTKE paBHAa HYJIO, TO
(GyHKIMS TOCTOSIHHA HAa 9TOM IPOMEXKYTKE.

OJHa TO4YKa C € (a;b) TaKasi, YTO BBIIIOJHACTCA paBEHCTBO
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CaencrBue 2 Ecnu 1Be ()yHKIIMU UMEIOT PaBHBIE IPOM3BOIHBIC HA HEKOTOPOM MPOMEXKYTKE, TO
OHHM OTJIMYAIOTCA APYT OT APYra Ha MOCTOSHHOE CIIaraeMoe.

Bo3pacranue n yobiBanue QyHKIMiA

Teopema 1. (HeoOxoaumbie ycioBus). Eciau muddepennupyemas va untepsaie (a;b) GpyHkuums

y= f(x) Bo3pacTtaer (yosiBaer), To f'(x) >0 (f'(x)<0) mns moboro X € (a;b).

Teopema 2. (mocratounsie ycnoBusi). Eciu dynkmusa )Y = f (X) muddepenuupyema Ha
uatepBaie (a;b) u f'(x) >0 (f'(x)<0) mis moboro X € (a;b), To sTa QyHKIMS BO3pacract
(yObiBaeT) Ha uHTepBaie (a;b).

Teopembr 1 W 2 TMO3BOJSIOT AOBOJBHO IMPOCTO HCCIEAOBAaTh (DYHKIHWIO HAa MOHOTOHHOCTB
(pyHKIms, yObIBaromas wiIM BO3pacTaromiasi, Ha3bIBA€TCSI MOHOTOHHOM).

Ipumep. Nccnenosars GyHKIHIO f (X) =x3-3X-4 Ha MOHOTOHHOCTS.

Pewenue:

X € R = (—o0;+00)
f'(x) =3x* =3=3(x-1) x(x +1)
+ - +

-1 | 1
f'(X)>0 mpu X € (—o0;—1] U[L+0)
f'(X)<0 mpu x e[-11]

Otger: nanHas QyHKIMSA Bo3pacTaeT npu X € (—oo;—1] U[L+) u yobBaeT X € [-11]

MakcuMyM U MUHUMYM (PYHKIM A

Teopema (Heodxoaumoe ycioBue). Eciu muddepenuupyemas dynkmus )Y = f (X) nMeeT
AKCTPEMYM B TOUKE X;, TO €e MPOU3BOIHAS B ATOH TOUKE paBHA HYIIO: f (X) =0.

Teopema (10ocTaTouHOe yciaoBHe 3KcTpeMyma). Ecmu HenpepwiBHas GyHKuus ) = f(X)
muddepeHnpyeMa B HEKOTOPOii & -OKPECTHOCTH KPUTHUECKOH TOUKH X( ¥ IpH TIepexosie depes
Hee (cleBa Ha MpaBoO) MPOU3BOIHAS f (X) menster 3nak ¢ mioca Ha MHHYC, TO X0 ecTh TOuKa

MaKCUMyMa, C MUHYCaA Ha IIII0C, TO xo - TOYKa MUHUMYMaA.

y,Z[O6HO HCIIOJIB30BAaThb ,Z[py1"0171 JIOCTaTOYHBIN MMpU3HAK CYHICCTBOBAHUA OKCTpEMyMa,
OCHOBAHHBIN Ha OIIPpCACIICHUHN 3HAKa BTOpOfI HpOHSBOI[HOﬁ.

Teopema. Eciu B TOouke X, mepBas mnpousBojaHas O(yHKiuu YV = f (x) paBHA HYIIIO
(f'(x) =0), a BTOpas mpou3BoJHAs B TOUKEe X, cymiectByeT u omimyHas ot Hyis (f"(x) = 0), To

npu f"(X,) <0 B TOUKE X, QyHKIMA MMeeT MakcuMyM U MuHuMyM - ipa T "(X,) > 0.

Bemykaocts rpaguka ¢pynknuu. Toukn nepernda
Touka rpaduka HempepblBHOH ¢GyHKUIMH )V = f(x) , OTHENSAIOIas €ro 4YacTH pa3HOM
BBIITYKJIOCTH, Ha3bIBAETCS TOUKOI meperuoda.
Teopema. Eciiu ¢pynkuus ) = f(X) Bo Bcex TouKax uHTepBana (a;h) uMeeT oTpHLIATEIbHYIO
BTOPYIO Mpou3BoaHy0, T.¢. f"(X) <0, To rpadmk GyHKIIMK B 3TOM HHTEPBAJIC BHITYKJIbIH BBEPX.
Ecmu ke f"(X) >0 mis nrodoro X € (a;b) - rpaduk BHITYKIIBINA BHU3.
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Teopema (1ocTaToyHOE YCI0BHE CYyHIeCTBOBaHHSI To4dek meperuda). Eciu Bropas

npomsBogHas f”(x) mpu mnepexonme uyepe3 TOUKy Xy B KOTOPOH OHA paBHA HYIIO WIA HE

CYILIECTBYET, MEHSET 3HAK, TO TOUKa rpaduka ¢ adciuccoit X ects TOuKa neperuoa.

AcuMnToThl rpadpuka pyHkuuu
AcCUMIITOTON KpHMBOM Ha3bIBACTCs NpsMas, PacCTOSIHUE O KOTOPOW OT TOYKH, JIeXKalleh Ha
KPHBOW, CTPEMUTCS K HYJIIO IIPU HEOTPAHWYEHHOM YJIAJICHUHU OT Hadajga KOOPAMHAT 3TOW TOYKH IO
KpHBOM.
AcuMOTOTHI OBIBAIOT BEPTUKAJIbHBIMH, HAKIIOHHBIMU ¥ TOPU30HTAIBHBIMH.

[Ipsimass x=a sBIsSeTCS BEPTUKAJIBHOW acUMNOTOTOM rpaduka QyHKIUMM ) = f(X), ecmm

limf(x) =, nm |jm f(X) =0, mm |jm f(Xx) = .

X—a x—a-0 x—a+0

Ecnu cymectByer HakiaoHHas acumnrora y=RX+b, To R u b nHaxomutcs mo dopmyse:

R=lim?. b=lim (- Rx).

X—>00 X—0

Ecmu R=0, To y=b- ypaBHEHME TOPH30HTAIILHONW ACHMITTOTHI.
Oo0mas cxema ucciae0BaHusl QYHKIUH M NOCTPOeHUs rpadpuka GyHKuMu

HccnenoBanme GpyHKINHU 11e51eco00pa3HO BECTH B ONIPEIEIIEHHON TTOCIIE0BATEIEHOCTH.
1. Haiitu oGnacte onpeaeneHust GyHKINU.
2. HaiiTu (ecnu 9TO MOXHO) TOYKH TIepecedeHus rpadrka ¢ OCIMH KOOPAUHAT.

3. Haiitu wHTEpBaNBl 3HAKOMOCTOSHCTBA (YHKIIUM (TIPOMEKYTKH, Ha KOTOPBIX f(X) >0 unu

f(x) <0).
4. BBISICHUTB, SBIACTCS U (DYHKIHS YETHOW, HEUETHON MM OOIIero BUa.
5. Haiitu acumntoTsl rpaduka GyHKITUH.
6. HaiiTi nHTEpBaJIbBl MOHOTOHHOCTH (DYHKITHH.
7. Haiitu skcTpeMyMbl (YHKITUH.
8. HaiiTi unTEpBaJibl BHITYKJIOCTH M TOUKH neperuda rpadguka GyHKIUH.

> M TIIOCTPOMTH €€ rpaduk.

IIpumep. Mccnenosars pyHKIHIO y = 1 al

1. x € (—0;-1), (-11), (1 + o0)
2. x=0,y(0)=0
Touka (0;0)- Touka nepeceuenus rpaduka c ocamu OX u OV.
3. Oyukums 3HakomonoxutenbHa (y>0) B wuHTepBamax (—oo;—-1) u (01
3HakooTpumareiabia — B (—1,0) u (L+)

> ABIAETCA HEYETHOM T.K. y(—x) = —X ;== al 5
1-x 1-(—x) 1-x
CrnenoBarenbHO, TpapUK €€ CHMMETPUYCH OTHOCUTEIBHO Hayala KoOopAauHaT. JIJjisi mocTpoeHus
rpaduka I0CTaTOYHO McciaenoBarh ee nmpu x > 0.

5. llpsimbie X = 1 1 X = -1 SABJISAIOTCS €€ BEPTUKATBHBIMU aCUMIITOTAMHU.
BhIsICHUM HaJIM4ne HAKJIIOHHOW aCUMIITOTBHI.

4. OyHkuusa y = =—y(x) .

X
- 1—X2 - 1
R=lIm="—=lim;—z =0
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- X . X
b=]im -0xx)=|im =0
I)(I—>oo (1_X2 * ) IXI—>w l_X2

CnenoBarenbHO, €CTh TOPU30HTANIbHASL aCUMNTOTa €€ ypaBHeHue y=0. HakJIOHHbIX acCUMIOTOT

HET.
[Ipsimas y=0 sBasieTCcsl aCUMITOTON U IPU X —> +00, U IIPU X —> —0.
2
X x°+1
6. »' =( 5)' = R
1-x 1-x7)

Tak xak y’>0 B oOmacTu omnpeneicHus, TO (YHKIMH SBIISCTCS BO3PACTAMONMICH Ha KaXIOM
MHTEpBase 00IaCTH ONPEICTICHHS.
2+1

7. Tk y' = > » TO KPUTHIECCKAUMH TOYKAMH SIBJISICTCS TOUKH

(1+x?)
x1=-lux2=1.
JlaHHbIE TOYKM HE MpPHUHAIJIEKAT O0JaCTH ONpENeTeHHUS (YHKIUU, 3HAYUT, (QYyHKIUS
KCTPEMYMOB HE UMEET.
8. Haiinem y”

y x2+1 , 2x(x*+3
yh=( -zl +3)

1-x%)?" (@-x?)°

-1 0 1
Touka (0;0) — Touka nepernba rpaduka GyHKINAH.

I'pacduk Boimykiiblii BBepX Ha untepBanax (—1;0) u (1;+o0) ; BEIMYKIIBIM BHU3 Ha MHTEpBaJIax
(—o0;-1) u (0:1)

y |

=
N
8

v
I
|

---—--—T-1D

WD A R W AR G Gn G AR R e -

ConepxaHue NpaKTHYECKOH padoThI:

31



3aganue. VccienoBaTh QyHKIIUIO U IOCTPOUTH €€ rpaduK:

Bapuant Ne 1 Bapuant Ne 2
2 _5-2x 3
. y_x2_4 2. y—XZ 1
BapuanT Ne 3 Bapuant Ne 4
1. y—x+3x -2 1. y—x+3x -2
2. y_x2 1 2. y_x2 1
Bapuant Ne 5 Bapuant Ne 6
1. y=x3—-12x+6 1. y= x — 12x2%-9x+1
2. y== 2. y=
Y x2+1 y= x2+1

[IpakTueckoe 3ansitue Ne 13

Tema: MeToabl HHTEIPUPOBAHUA HEONPEAEJIEHHOI0 HHTErpaJja.

He.ﬂb: C(l)OpMI/IpOBaTI) YMEHHUE BBIYHCIATE HCONPCACICHHBIC HWHTCIrpajibl, HCIOJIb3Ys
Pa3IMYHBIC METOAbI HHTCTPUPOBAHUAA.

TeopeTnyeckue CBeIeHHS:
OyHKIUA F(X), ompeJiefieHHass Ha MHTEpBaJe (a,b), Ha3bpIBaeTCad MepBOOOpa3HOM asist

dynxmun | (X), OTIpe/IeNICHHOM Ha TOM e HHTepBaJIe (a, b), ecim F'(X) =f (X)

Ecim F(X) — mepBooOpa3Has s QyHKIUU f(X) , TO Jr00ast apyras mepBooOpaszHas
CD(x) st pyHKIMH f(X) OTIIMYAETCS OT F(X) Ha HEKOTOPOE TOCTOSIHHOE cjaraemoe, T. €.
@(x)=F(x)+C, rze C—const.

HeonpeneneHHsIM HHTErpaioM oT ¢GyHkmum | (X) Ha3bIBACTCS COBOKYITHOCTH BCEX

nepBooOpasHeIX I 9Tod  QyHkuumu.  OGO3Ha4YaeTcs  HEONpPEJENEHHBbI  MHTErpan:
J f (x)dx=F(x)+C, rze F'(x)= f(x), C — const.

Onepanus  HaxXOXJAGHUW  MEepBOOOpa3sHOW A JaHHOM  (DYHKIMM  Ha3bIBaeTCs
UHTErpupoBaHueM. MIHTerpupoBaHue ABIiseTcs 00paTHOM onepanueid K quddepeHInpoBaHHIO:

([ £ (x)ax) = £ (x).

Jlis  NpoBEpKHM  MPAaBUIBHOCTH  BBIMOJHEHHOTO  MHTETPUPOBAHUS  HEOOXOAUMO
npoauddepeHnpoBaTh pe3ynbTaT HMHTEIPUPOBAHUS M CPAaBHUTh MOJYYEHHYIO (QYHKLIHIO C
MOJIBIHTET PAJIbHOM.

CpoiicTBa Heonpe/e1eHHOT0 HHTerpaJa:

1 (jf(x)dx) =f(x); d[f(x)dx=f(x)dx
2. IdF (x) :F(x)+C'
3. jkf x)dx = kj k — const;



¢ [(F()+g(x)ex=[ 1 (x)ax+ [g(x)
Taﬁnnua OCHOBHBIX UHTEIpaJjioB
1. |0du=C; C =const; 2. jdu=u+C;
a+l
c u du
3. |lu*du=——+C, a=#-1 3a. —=2\/U+C;
: o+l j\/a
- du u
4. | —=Inlu[+C; 5, ja”du:a—+c;
Ju Ina
6. |e'du=e"+C; 7.jcosudu:sinu+C;
8. [sinudu=—cosu+C; 9.J' —=tgu +C;
. COS u
10, [ =—ctgu +C; 11_[ = arcsin— +C
“Jsin?u ’ Ja?
- 1 u
12. d—uzln‘u+ u*+a*(+C; 13 J'ﬁ:—arctg—+c;
d Ju? + a2 u-+a° a a
14. | Zdu == L |p|u=@ —+C; 15. fj—uzln th +C;
‘uU"—-a° 2a |u+a sinu 2
16, (24 —n tg (EJFEJ +C; 17. Itgudu =—In|cosu|+C;
7 cosu 2 4
18. 'ctgudu:ln|sinu|+C.

Kaxnas w3 mnpuBeneHHelx B Tabnume ¢GopMyn chpaBedjiuBa Ha MPOMEXYTKE, He
coJlepKalleM TOYEeK pa3pbiBa MOJABIHTErpaibHON (QyHKUMHU. BblunciieHne MHTErpajoB C
UCIOJIb30BAHMEM  TaOJNUIBI W OCHOBHBIX  CBOMCTB  HA3bIBAIOT  HEMOCPEICTBEHHBIM
MHTETPUPOBAHUEM.

[Tpumep 1. [Tonp3ysich TaONHIIEH OCHOBHBIX MHTETPAJIOB U CBOKWCTBAMHU HEONPEICICHHOTO
MHTErpaia, HalTH UHTerpaibl (pe3ylbTaT HHTETPUPOBAHUS IPOBEPUTH TP HEPEHIUPOBAHUEM ):

5 3% +1 5 16 — X2
a _ +28¢ |l 6| —— 3.5+ "2 |dx.
)] x* ] ) 11x% + 2 ]

X +7 4+ X
Pemenue.
3
a)_[ N 25 _3x 4+1+2\6/x5de:j(%—é—%+2x%jdx:
X°+7 X x5 +7 X X

HCIOJIb3yeM CBOiicTBa 314 1 pa3o06beM MHTErpail OT CyMMBI
(pyHKIIMM HA CyMMY MHTEIrpajoB, IIPHU ATOM IOCTOSTHHbBIE =

MHO>XHTEIN BBIHECEM 3a 3HAK UHTETPajioB
IIposepka:

—BJ‘—— x4dx+2_|.x5/6dx={

HCIIOJIBb3yEM Ta6JII/I‘lHBIe}

uHTerpanei 12,4, 3

:5I dx
X+ 7
X—4+1 X5/6+1
:5In‘x+\/x2+7—3ln|x|— +2- +C=

-4+1 5/6+1
:5In‘x+\/x2 +7|=3In|x|+

13 +Ex”/6 +C.
X 11
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[5In‘x+\/x + ‘ 3In|x|+—+ 1]/6+C) (In‘x+\/x2+7j -
3x3

_3( In |X|) N _(X_s) N _(Xll/G) LC— UCcnoJib3yeM GhopMyIibl _
3 11 4, 3, 1 Tabauibl MPOU3BOIHBIX

. L (x2+7)
2 4+~ 7
(V7)1 1 e 2%+ 7
=5. —3-—+—(—3)X 4+ —..X =5. —
X+x2+7 x 3 11 6 X+x2+7
1++
3 1 5/6 x2+7 3X°+1 _¢/ s NXZ+7 +x
—= - +2x7°=5 = — 7 +23/x> =5 -
X X X+~Ix2+7 X (x+\/x2+7)\/x2+7
3 3
_ 3X 4+1+26 <5 — 5 3 4+1+26,_X5—BepH0.
X X2+ 7 X

2
6)f| ——+3-5 o dx:5jL+3j5 dx+
11x° +2 4+ X 11()( N )

+I(4_X)(4+X)dx:ij ax 2+3J'5de+4j‘dx—jxdx:

arctg

UCIIOJIb3yeM (POpMYJIbI
13,5, 2, 3 TaGmuist wHTerpanos| 11 \/7

\/7 In5
11

1+1 X
1ax - X +C:iarctg\/ﬁx+35—+4x——+c
1+1 J22 2 In5 2

[IpoBepxka:

5 11 5 1, 5 11
——4@arctg, [—X+3—+4x——x"+C | =——=] arctg,|—X | +
V22 2 In5 2 V22 2

' ' ucrojb3yem popmyisl 14, 5,2, 3, 1
2 (5) +ax-1(¢) c{ yem qopiy }
TaOIHIIBI TTPOU3BOTHBIX

In5
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[ 11)(] 11
5 (V2 3 1,4 5 P
= +—.5%In5+4-1-=2x*1 = : +
V22,112 In5 2 V22 2+11%°
2

2
435 44 x=— > 11-2 - +3-5X+(4_X)(4+X):
V1142 2(2+11¢°) 4+ X
2
:%+3-5X+16 X — BEPHO.
2+11x 4+ X

Meton 3aMeHbI IepeMeHHOi
Teopema 1. Ilycts X=(p(t) MOHOTOHHasl, HempepblBHO IuddepeHunpyemas (QpyHKUIU,
Torjga

[ £00dx= [ f (o) (t)dlt. M
Tpu stom, ecom j f ()@ (t))dt=F(t)+C, to j f(x)dx = F(y(x)) +C, rxe

W (X) — dynkumst, o6parras ¢ (t).
®opmymna (1) Ha3biBaeTcst (OPMYIIOH 3aMEHBI IEPEMEHHOM B HEONPEIEIEHHOM HHTErpaje.

AJITOPUTM 3aMeHbI NTepPeMEeHHOM:

1) CBs3aTh CTapyro NEPEMEHHYIO HHTETPUPOBAHUS X C HOBOHM MEPEMEHHOM 1 ¢ MOMOIIbI0 3aMEHBI
X=q(t).
2) Haiitu cBs13b Meskay muddepernmuanavu 0X = ¢'(t)dt .

3) IlepeiiTu o1 3HAKOM HWHTErpaja K HOBOM MEPEeMEHHOM.
4) IlpouHTerpupoBaTh M B TIOJYYEHHOW NEPBOOOPAa3HON BEPHYTHCA K CTapoOd NEPEeMEHHOM,

nozcrasus = \V(X).

[Tpumep 2. [IpouHTerpupoBaTh NOAXOASIIEH 3aMEHON TEPEMEHHOM.

a) jCOS4xdx; 6) Iegx+1dx; 6)jx(2—x2)5dx

Pemenue:
t=4x dbopmymna 7
, dt 1
a) j cosdxdx = |dt = (4x)' = 4dx| = j cost = chosm’t = rabmumpr =
dx — % UHTETPAJIOB

:Esint+C :Esin4x+C.
4 4
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t=9x+1 dopmyia 6
6) jegx’qu =|dt =(9x +1)' = 9dx| = Jet at_ 1J-eta’t =< Tabnuuel =
9 9

dx dt HUHTETPAJIOB

9

leiclemc

9 9

t=2-x’ ; . dopmya 3

e)IX(Z —x?)°dx =|dt = (2 - x*)' = —2xdx| = Its (—?tj = —EJtSdt =< Ta0JuIbl =
wdlx — dt WHTETPajoB

-2
6
Y P N S LS
26 12

HNHTerpupoBanue 1o 4acrsim.
HexoTopsbie BUABI HHTEIPAJIOB, BHIYHCASEMBbIX 110 YaCTAM

Ecnu npomssogusie dyrxumit U =U(X) u V =V (X) Henpepbisub, To crpaseminsa
dhopmyna:

Judv =uv - fvdu, 3)
Ha3biBaeMasi (GOPMYIION HHTETPUPOBAHHUS TIO YACTSIM.
B xausecte U (X) 0OBIYHO BBIOMPAIOT (YHKIUIO, KOTOpas YIPOIMAeTCs TP
muddepeHIupOBaHNH.

HekoTtopeie cranmapTHble ciay4aw (YHKIUH, HHTETPUPYEMBIX I10 4YacTsIM, yKa3aHbl B
tabmune 1. Tam xe maercs croco6 Bei6opa muoxkuteneit U u dV .

Tao6aunna 1
Bun unTerpana U —du dv -V
_'Pn(x)sin kx dx dV =sinkxdx -V :—%coskx
[P, (x)coskxdx | U=Pi(x)—> 1.
g , dV =coskxdx —V =—sinkx
n=12.. dV =edx >V :%e"X
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By unrerpana U —>du dv »>V

JintocRa0dx |y Zinke > du = &
X

. arcsin kx By (x)dx U =arcsinkx —» dU :%
1-k“x

. kadx
—k<x

SV = j P, (x)dx

j arctghx B (x)ax |y _ arctgkx »> dU = _kax
1+k2x?

jarcctgkxPn(x)dx U =arcctgkx — dU S
1+k*x?

n=0,12,...

P, (X) — muorowen or X cremenn N, . e. Py(X) = agx" + ax" +...+a,, re ag#0.

[Ipumep 3. [IpouHTErpUpPOBATH MO YACTSM.

a) J.(3x —1)sin 2xdx; 0) I(1+ 2x)In xdx.
Pemenue.
U =3x-1-dU =3dx COS2X COS2X
a) | (3x=1)sin2xdx = =(3x-D(- + dx =
)I( ) dV =sin2xdx —»V - CoS2X ( . ) -[ 2

= —l(3X —1)cos2x + §jcos 2xdx = —l(3x —1)cos2x + Esin 2x+C.
2 2 2 4

U =Inx—>du =%
X
6) [0+ 2x)Inxdx =|dV = (L+ 2x)dx > =|nx(x+x2)—J(x+x2)%=
X
v =j(1+ 2X)dX = X + X

2
=Inx(x+x2)—.[(1+x)dx=Inx(x+x2)—x—X?+C.

Coaepikanue NpaKTHYeCKOH padoThI
3ananue 1. BoIYMCIUTD MHTErPAJIbL.

4 ]
D 7 X :5+3&jdx I( 5 +7x_sm2xjdx

x> +16 X 5x% +5 COS X
2 2 _

Z)J > X +10+49/¥ dx J 22 Lox X 4 dx
J3+ X2 X 2X° +2 X+ 2
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o 2 J—

3) 2+\/;— 2 +4e* |dx j 12 2—3cosx+x 3
ox Ux®+3 3+3x X —
) 3

4) 8 +6+4X —3§/x_5 dx J' >———2sinx+3* |dx
* '\/5 + X2 X 2X°+2
. 2 _ i3y

5) 2 +4X3 1—2§/x73 dx j 26 +33|r.12x > dx
a-x®  x 3x*—9  sin®x
(3cos®x—-2 53 16  3-x°

6) [| 2% 272 53y |ax _2T X 5

)] cos? X j I 2x2-8  x*

3amanue 2. [IpounTerpupoBaTh NOAX0/AsiNIEl 3aMeHOH NepeMeHHOoro.
e dx xdx 1-3x

1) | —— e 7 dx

! ) Gin7ax '[«/2+x2 j

2) [ (2x—1)cos(x? - x)dx _[x 5+ x2 dx je6x+5 dx

3) {10 dx J.sinﬁdx I ax
. 2 5X+3

4) | x*(3=x3)"dx jcos 2x dx Jes'“x cos x dx

5) | ax _[sin 2x dx _[37"‘1 dx
7 xInx

6) [ Xdx jsin(2—3x)dx %
" J1-x? e

3aganue 3. [IpouHTErpUpPOBATH MO YACTSM.

1) |(7x—1)cosxdx arctg x dx

2) '(6—5x)ex dx [(7x +5)In xdx

3) [ X cos x dx 'arcctg X dx

4) '(1+ 2x)cos x dx [arcsin xdx

5) '(8x—1)sin5xdx [(6+5%)Inxdx

6) [ xe* dx [(3x +2) In xdx

38
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[Ipaktrueckoe 3ansatue Ne 14

Tema: MeToabl HHTEIPUPOBAHUSA OIIPEAEJIEHHOI0 HHTErpaJja.

He.]'lb: C(bOpMI/IpOBaTI) YMCHHC BBIYHUCIATL ONPCACICHHBIC MHTCTPAJIbI, UCHIOJIb3Ys PAa3JIMYHBIC
MCTOAbI HHTCTPHUPOBAHUS.

TeopeTnyeckue CBeIeHHS:
OnpenesieHHbIH HHTErPaa

Onpenenenue. [Iycts Gynkuus Y = f(x) ompejerneHa Ha orpeske [a;b], a<b. Pa3zobbem atoT
OTpE30K Ha N IPOU3BOJIBHBIX YACTEH TOUKAMHU & = X, < X; < X, < X3 <..coeewen. <Xig <o <X, =
B KaXI0M M3 MOJIydEHHBIX YaCTHYHBIX OTPE3KOB [X; ;,X;] BbiOepem mpousBoibHyo Touky Ci

(x,, <Ci<x) " COCTaBUM CyMMy

rae AX; = X; —X;_; . Cymma Buja (*) Ha3pIBaeTCs HHTerpaJibHOM CyMMO¥ JUtd QyHKIMK f (X) Ha
otpeske [a;b].

a = max{Ax; }
1<i<n
Onpenenenune. Eciu cymecTByeT KOHEUHBIH Npeei WHTETPAIbHONH CyMMBI S, KoTaa N —» 00

O003HauMM Yepe3 o JJIMHY HanOOJIbIIEro YaCTUYHOIO OTpe3Ka pa30neHHUs:

Tak, 9to o —> 0, TO ATOT mpenen Ha3bpIBAIOT ONPEACICHHBIM HHTETPAIOM OT (GyHKIUU YV = f (X)

b
Ha oTpeske [ab] wu oOosmawaror crexyromum  00pazoM: jf(x)dx 17071
a

a—0 i=1

b n
J. f(x)dx = ||mz f (X)AX, . B atom ciydae dyakums YV = f (X) nasbiBaercs nunrerpupyemoii na

orpeske [a;b] . Uucna @ u b Ha3pIBalOTCS COOTBETCTBEHHO HUXXHHUM M BEPXHUM IpeieiaMu

UHTETpPUPOBAHUS, f (X) — HOJBIHTErPATBHON (DYHKIMEH, X — mepeMeHHOW HHTETPUPOBAHUSI.

OTMmeTHM, 4YTO HEOpPephIBHOCTh (GYHKIMU  SABISETCS  JOCTATOYHBIM  YCIOBHEM €€
HUHTETPUPYEMOCTH.

OcHoOBHBIE CBOICTBA ONPEICJICHHOT0 MHTErpaJia

b b a
1 f(x)dx = 0; 2°j f (x)dx =—j f (x)dx;
a a b
b c b
SOJ f(x)dx = J. f (x)dx +I f(x)dx; rme a, b, ¢ ar00BIE YKCTA.

4°.”[kf(x)dx = ki f (x)dx ; 5°:T[f (xX) £ g(x)]dx = i f (x)dxiig(x)dx .

®opmyia Hewrona — Jleiitonnna
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Ecm ¢ynkuus ) = f(X) HernpepbiBHA Ha oTpe3ke [a;b] u dynkums y = F(X) sBisercs
HEKOTOPOU ee MmepBOOOpa3HO Ha ITOM OTpe3ke, To umeeT Mecto (popmyna Hetorona — JleiiOHuma

b
j f (x)dx = F(b) - F(a).
Buruuncienue ONpeacjJceHHbIX HHTEI'PAJI0B

b
[MpocthiM ¥ ymOOHBIM METOJOM BBIUMCICHHS OIPEACICHHOIO HHTErpaia If(x)dx oT

a
HEeNpephIBHOU byHKIIH ABJIETCS dopmyna Hetorona-JleliOnuna:

_Tf(x)dx= F(x) b =F(b)-F(a).

a

[Ipy BBIYMCICHUM ONPEIEICHHBIX WHTErPAJIIOB IIMPOKO HMCMOJIB3YETCS METOJ 3aMEHBI
IIEPEMEHHOMN ¥ METOJI UHTETPUPOBAHHUS 110 YACTSIM.
HNHTerpupoBanue moaCTaHOBKOM

b
[TycTh 115t BEIYHCIICHUST HHTETpaIa I f (X)dX ot HempepbIBHOM (GYHKIIMHU C/IETaHa MMOICTAHOBKA

a
x=g (1)
Teopema. Ecnn:
1) dyakmus x = p(t) u e€ nmpomsBoHas x' = ¢'(t) HenpepsBHBI npH t € [d; £];
2) MHOXECTBOM 3HaueHu QyHKIMU X = @(t) npu t € [«; ] sBusercst oTpe3ok [a;b];

b B
3) ple)=a u p(B)=b 10 [ f(x)dx=] f(p(t) -¢'M)clt

HNHTerpupoBanue no 4acTam
Teopema. Eciu pynkumu u = u(x) uv= v(x) UMEIOT HeMpephIBHbIE TPOU3BOHBIEC HA OTPE3KE

b b b
[a;b], To umeeT mecTo hopmyna Iud v=uv| - Ivdu :
a a a

3
[Tpumep 1. BeraucamTh onpeae1eHHbIH HHTErPal I (X2 -16x+ 3)dX

1
Pemenue.

P X X
'!(X —16x+3)dx = (€—16~?+3x}

3

3
= ()(——8x2 +3XJ
3
1 1

3 3
(3 _gzez3|- | Logriza|=[Z _7240]- 1—8+3J:
3 3 3 3

=(9—63)—(1—5j=—54—1+5=—49—1:-491
3 3 3 3

3

ITpumep 2.
T X
BoluucianTh I e*sin —dx.
0

Pemenue:
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u=e”* dx:singdx
Ie*sin de: :—2cos§eX
) 2 2
X
du =e*dx x=—2cos§
u=e* dx:cosgdx

—2cosZer +2cosge° +2
2 2

du =e*dx x=25ing

:2+4e”sin£—4e°sin9—jexsin§dx:2+4e”—J.exsinﬁdx
2 2 3 2 ) 2
T ax ain X .
Ie sin —dx=1+2e
0 2
T ax ain X .
Ortsert: '[e sin—dx=1+2e
0

Conep:xaHue NpakTHYECKOH padoThI
3amganne 1. BoIlUHCIAUTDH onpeaeeHHbIH HHTErpaJ.

X
2e* sin —

T
x X
5 +2Ie“ cos —dx =
0 2

f X
T —le*sin —dx

1) j(x3 +10x)dx 4) T(21X—19)dx
1 0
2) '3[(3x2 +6X—2)dx 5) T(x3 +8)dx
-2 -4
3) j(x2—16x+3)dx 6) 1f(2x+7)dx
10
BanlaHne 2. BbIYHCJIMTD Onpe/ieeHHbII HHTerpaJl.
Bapuanr 1 Bapuant 2
2 2
L Y fe
1 X 1
1 2
. J.(\/;— xz)dx > I(sz —1)dx
0 0
3. % 3. -
jcos «dx _([ sin xdx
0
4. 3 dx 4. ¢ dx
'([ 1+ %2 '([ 1+x°
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[IpakTueckoe 3ansatue Ne 15
Tema: BoruucieHnue ABOMHBIX HHTEIPAJIOB B cjay4dae o0jactu 1 u 2 Tuna.
Heab: chopMupoBaTh YMEHUE BBIUYUCIISITE JBOWHbIE HHTErPaIIbI B Citydae odnactu 1 u 2 turna.

Teopernyeckue CBeIeHHS:

ITonsiTHE ABOMHOI0 MHTErPasa
JIBOMHOM HHTETPaI B ob1em BUJIE 3aMKACBHIBACTCS CIEIYIOIINM o0pazom:

] 7 pyxay

i
Pazoupaemcs B TepMHUHAX u 0003HAUYCHUSIX:
-” — 3HAYOK JIBOMHOT'O HWHTErpana;
D — 007acThb MHTETPUPOBAHUS (rtockast ¢urypa);
Jlay) MOJBIHTETpAIbHAS (DYHKIIMS JBYX IEPEMEHHBIX, YacTO OHa JIOBOJBHO MPOCTAs;
dx, dy

— 3Hauk# TuddepeHranos.

YT0 3HAYUT BHIYUCIUTH ABOHHONA MHTErpas?

Boruncnute nBoifHON wuHTerpan — 3710 3HauuT HatH UYMCJIIO. Camoe o0ObYHOE YHCIO:
”f{x; Widrdy =", roe U = const
D

Kak BbIYMCJIUTH ABOMHOM HHTErpaJa?
Jlyis TOro 4toOBI BBHIYMCIUTH JIBOMHOW HMHTErpai, €ro HeoOXOJUMO CBECTH K TaK Ha3bIBAEMbIM
MOBTOPHBIM HHTerpanaM. CrenaTe 3TO MOXHO IByMs cnocobamu. Haunbonee pacnpoctpanén

CIIeMYIOIIUN croco0:
1
[ 7Gx, yydxdy = [ ax| iz 3y
o F S
BwmecTto 3HaKkoB BOIIpOCa HCO6XO,I[I/IMO pacCTaBUTh IIPCACIIbl UHTCTPUPOBAHUA. HpI/I‘IeM OJUHOYHBIC
7 77

3HAaKKM BOIIpoCa * Yy BHCHIHCTO HHTErpajla — 3TO YHCIA, a ,Z[BOﬁHBIG 3HAaKHW BOIIpOCa y

BHYTPCHHCT'O HHTETpajia — 3TO fl}ng![I/II/I O,Z[HOf/i HepeMeHHOﬁ Y= f(le , 3aBUCAIINEC OT «HKCH.
OTKyIla B3ATH IIP€/1e/ibl I/IHTerI/lI)OBaHI/IH? OHH 3aBHCAT OT TOI'0, Kakasd B YCJIIOBUU 3a]a4U JaHa

obmacte £ . OGmacts &' mpencraBnser coGoil OOBIUHYIO IUIOCKYIO (GUIYpYy, ¢ KOTOPOH BBI
HEOJIHOKPAaTHO CTAJIKWBAINCh, HAIPUMEp, NMPHU BBIYUCICHUU IUIOMIAJM IUIOCKOW (UrYphl HIIH
BbIUMCIIEHUN oObema Tesa BpamieHus. O4eHb CKOpPO Bbl y3HAaeTe, Kak IPaBUIbHO PacCTaBIIATh
Ipe/eNbl UHTETPUPOBAHUSL.

[Tocne Toro, xak mepexoja K IMOBTOPHBIM HMHTErpajlaM OCYILIECTBIIEH, CIEAYIOT HETOCPEICTBEHHO

11
[ iz »ay

BBIUMCIIEHUS: CHayaja Oepércs BHYTpeHHU uHTerpan , 4 IOTOM — BHEWIHUU. JIpyr 3a

ApYyrom. OTCIOI[a 1 Ha3BAHUC — IIOBTOPHBIC UHTCI'PAJIbI.

pr6o roBops, 3agavda CBOAUTCA K BBIYUCIICHUIO IBYX OHpe,Z[eJ'IéHHI)IX HHTCErpajIOB.

BTOpOfI CH0006 nepexoga K TIMOBTOPHBIM HHTErpajlaM  BCTPEHACTCA  HECKOJIBKO  PCIKE:

* Ll

[/ sydxdy = [y [ f(x yydx
; .

L1l

UYro nomensuioch? IToMeHsIcs MOPSAIOK UHTETPUPOBAHUS: Teleph BHYTPEHHUI MHTErpai Oepércs
M0 «UKC», a BHEUIHUHA — MO «urpek». lIpenensl uHTErpupoBaHusi, 0003HaYCHHbIE 3BE3TOUKAMH —
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oyayt apyrumu! OnvHOYHbBIE 3BE3/10YKU BHEIIHETO MHTErpajia — 3TO YKCIIa, & TBOMHBIC 3BE3OUKHU

BHYTPEHHET0 MHTErpaa — 370 00parTHbie GpyHKimu * - & ) , 3ABUCSIINE OT «UTPEK».
Kakoit Ob1 MBI HU BBIOpaJIK CcIIOCOO Mepexoa K MOBTOPHBIM MHTErpajiaM, OKOHYATEeIbHbIH O0TBeT
00s13aTeJIbHO MOJIYYUTCSA OIUH " TOT Ke:

i b * *

[ax[ 71z yyay = [ay] iz ax=C

i " *

[ToxanyiicTa, 3alIOMHHMTE 3TO BAa’KHOE CBOMCTBO, KOTOPOE MOKHO HMCIIOJIB30BaTh, B TOM YHCIIE,
U1l IPOBEPKU PEILICHUS.
AJITOPUTM pelleHus ABOMHOI0 HHTErpaJja:
1) HeoOxoauMo BBITIONHUTH 4epTéxk. be3 uepre:ka 3agauy He pemdth. Ha yeprexe ciemyer
m306pasuTh obmacte L', xoTopas mpejcTaBiseT coboil mIocKyo ¢urypy. Yame Bcero ¢urypa
HE3aMbICJIOBATa U OTpaHUYEHA KaKUMHU-HUOY b OIPSIMbIMU, TapabojiaMu, runepOoaMu U T. 1.
2) PaccraBuTh npe/iesbl HHTETPUPOBAHUS U IEPEUTH K MOBTOPHBIM MHTETPAJIaM.
3) B3sTh BHYTpEeHHUI HHTErpal
4) B34Th BHEIIHUI HHTETpaJl U NOJYYUTh OTBET (UUCIIO).
Obaactp  uHTerpupoBanusi. Ilopsimok  o00xoma  00J1acTH  MHTErPUPOBAHUSL.
Kak usmeHuTH nopsiaok ooxoxa?
PaccmoTrpuM BakHEHIIMIT BONMPOC — Kak IEPEUTH K IOBTOPHBIM HMHTErpajaM M IPaBUIIBHO
paccTaBUTh MpeAensl HHTerpupoBaHusa. Kak ObLI0 cKa3aHO BbIIIE, CAEIaTh 3TO MOXHO Tak:
T "
[| £ yaxdy=[ax] 7(x )a
D (IS
141 TaK:

- L]

[/ = yaxdy = [ | £ (x yyax
; .

LL]

Ha npakrtuke sTa Bpoge Obl HECIOXKHAS 3a/laya BbI3bIBAET HaWOOJBIINE 3aTPYAHEHUS, U CTYACHTHI
4acTo MYyTalOTCS B pACCTaHOBKE MPEJIENIOB MHTErPUPOBaHUsL. PaccMOTpUM KOHKpPETHBINA IpUMeEp:

[Tpumep 1

[ #x, )y
Jlan nBoiiHOM wuHTErpain & ¢ 00JIaCThI0 WHTETPUPOBAHUS
[lepeiiTu kK MOBTOPHBIM MHTErPaaM U PACCTABUTH MPEIEIIbl MHTETPUPOBAHUS IBYMsSI CIIOCOOAMU.

D x=1 y:xg; y=10

Pewenne: n300pazum obmnacTb UHTETPUPOBAHUS Ha YepTeKe:
............. 2 oy
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3amaua COCTOMT B TOM, 4TOObI IPOCKAHUPOBATH JIYUOM Jia3epa KaKAYIO0 TOUYKY 3allITPUXOBAHHOMN
o0OacTu:
pusssssssssns 2,

JIlya mazepa MpoOXOAWT OOJIACTH WHTETPUPOBAHHS CTPOr0 CHHU3Y BBEpPX, TO €CTh YKa3Ky BBI
BCET'IA nepxxute Huske miaockoi ¢urypsl. Jlyd BXoauT B o0nacTh yepe3 och adCIUCC, KOTOpas

- _ 2
3a1aéTCS ypaBHEHHEM * O u BEIXOJUT M3 06nmacTé yepe3 mapabomy @ — * (kpacHas CTpeika).
UToOBI TPOCBETUTH BCIO 00JIaCTh, BaM HY)KHO CTPOro CJeBa HAINPAaBO MPOBECTH YKa3KOW BIOJIb

ocn “X 010 0 1 (3enéHas cTpenka).

Uraxk, 4TO TIOJTYYHIIOCH:

2
CHUTPEK» MU3MEHSETCA oT 0 110 A ;

«uke» nusmensercs ot 0 mo 1.

B 3aayax BBIIIECKa3aHHOE 3aMUChIBAIOT B BUJIE HEPaBEHCTB:
2

D=y=x

OD=x=1

JlaHHbIE HEpaBEeHCTBA HA3bIBAIOT MOPSAKOM 00X01a 00/1aCTH HMHTETPHMPOBAHMS WM IPOCTO
NOPSI/IKOM HHTETPUPOBAHUS

Ilocne TOI'0, KaK MbI p8,306paJ'II/ICB C IOPAAKOM o6xoz[a, MOXHO HepeﬁTI/I OoT I[BOﬁHOl"O HHTErpajia K
IIOBTOPHBIM HHTCIrpajlaM:

1
[.£ x ydxdy= [ ax [ £z pdy

I 0 0

[TonoBuHa 3amaum pemieHa. Temepb HEOOXOQMMO MEPEUTH K MOBTOPHBIM HMHTErpajiaM BTOPBIM
cnocoboM. [lng storo crnemyer HalWTH oOpaTHble GyHKUIUH. CMOTpUM Ha (DYHKLUUH, KOTOPBIMHU

2

Diox=1 yv=x", y=10 o

3ajaercsi 00JacTh . Eciu coBcem mpocTto, TO mepedTH K OOpaTHBIM

(GYHKIHSM, 3TO 3HAYUT — BBIPA3UTh «MKCBI» Uyepe3 «urpekun». EquHCTBeHHOH (yHKIMEH, TIe eCTh U
_ .z

«HKC» U «UTPEKY, ABISETCT * .

— 42 =
Ecnn F=x TO A= i@ MPUYEM:

2

oOparHas byHKIISA r= ”If"; 3a/1aeT IIPaBYIO BETKY napaboIbl;

oGparHas GyHKIHS © _\E 3aJaeT JIEBYIO BETKY MapaboJIbl.
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=y
Hepenaxo BO3HMKAIOT COMHEHUS, BOT, K TNpHUMEPY, (YHKIHA Y ompenensier IeByIO WIH
IIpaByl0 BeTBb Mapadosbl? COMHEHUS pa3BesTh OYEHb IPOCTO: BO3BMHUTE KaKylO-HHUOYIb TOUKY

napaboJIbl, HapuMmep, (L1 (c mpaBoil BeTBM) U TMOJCTaBbTE €€ KOOPIUHATHI B JII000€ ypaBHEHUE,

HarpumMmep, B TO xKe ypaBHEHUE A= \/";

].=-'1,,IIIT

1=1

Tloy4eHO BEPHOE PABEHCTBO, 3HAUMT, (QYHKIMS “f; ONpEeNseT MMEHHO IPaByl0 BETBb
napaboJIbl, a HE JIEBYIO.

Bonee Toro, AaHHy10 poBepKy (MBICIIEHHO WJIM HAa YEPHOBHKE) KejlaTeIbHO MPOBOAUTHL BCer/a,
IIOCJIE TOTO KakK Bbl INepelnuid K oOpaTHbIM (yHKIMSM. BpemeHu 3aiiMeT BCero HUYEro, a oT
omnOKu yoepexET HaBepHsKa!

O6xo1uM o0nacTb MHTErPUPOBAHUSA BTOPBIM crocoooMm:

-~

x=1

Tenepp J1azepHyIO yKa3Ky IEpXKUM c¢JeBa OT o0yacTH WHTerpupoBanus. Jlyd nasepa mpoXOAWT
00J1aCTh CTPOro cjeBa HANMpaBo. B maHHOM cilydae OH BXOJUT B 00JIaCTh Yepe3 BETBb MapadoJIbI

Xr=. —
¥ W BBIXOZMT W3 OGIACTH dYepe3 MpsMyI0, KOTopas 3ajaHa ypaBHeHmeM X =1 (kpacHas
cTpenka). UtoObl mpOCKaHUPOBATH JIa3epOM BCIO 00JIaCTh, HY)KHO MPOBECTH YKa3KOM BIOJIb OCH

or cTporo cHu3dy BBepx ot 0 10 1 (3eneHas crpenka).

Taxum 00pazom:
«HKC» U3MEHsIeTCS oT ‘4{; bi (6] 1;
«urpex» uzmensercs ot 0 1o 1.
[opsinok obxona obnactu cienyer 3anucarh B BUJIE HEPaBEHCTB:
Jy=x=1
D=w=l
U, CJIeIOBATEIBHO, nepexot K MTOBTOPHBIM MHTErpajiaM TaKOB:
11
[| £z yhadxdy = [ay [ f (x yydx
i i
OtBeTt MO>KHO 3ammcarthb CIIETYIOLTUM obpazom:
1 #? 1 1
[[ #Ge sydxdy = [dx [ #(x yydy = [y [ £ (% 3dx
D no0 o

OxoHUaTEeNbHBIN Pe3yNbTaT BRIYUCICHUH HE 3aBUCUT OT TOTO, KaKOM MOPsIOK 00X0/1a 006JaCTH MbI
BbIOpaJK (ITOTOMY MOCTABJIEH 3HAK PABEHCTBA).
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ITpumep 2

ITocTpouts o0nacTh HHTErPUPOBAHUS U U3MEHUTH MOPAAOK UHTETPUPOBAHUS
0 Ja®

[ax [ fixpyay

-2 ¥+3

Pemenue: Ilo ycnoBuro nan mepBwiid crioco® o0xona oOnactu. PerieHue omsaTh HAYMHAETCS C
uepTexka. 31ech o6macTs £ He TeXHUT Ha GIIoEUKe ¢ rody6ol KaéMOUKO, HO MOCTPOUTH €& He
cocraBisier ocoboro Tpyna. CHayanma «cHUMaemM» (YHKIUH C MPEIesioB HWHTETPUPOBAHUS:

_ R _
y=xt 2, y=ald-x . OyHKUHSA y=xt2 , TIOHATHO, 331aéT OPAMYIO, HO YTO 331aT (yHKIHS

_ -
y=ad-x ? JlaBaiiTe eé HEMHOT'O npeobOpazyem:

_ 1 2 _ 4 2 2 2ol
y=Jd-xr =y =4 =y +x =2 — OKPY>KHOCTB C IIEHTPOM B Hayajie KOOPAMHAT

panuyca 2. ®ynkuus xe ¥ = 4-x" 3a/1a€T BEPXHIOIO MOJIYOKPYKHOCTh (HE 3a0bIBaeM, 4TO €Clin
€CTb COMHEHHS, TO BCErJa MOXHO IIOJICTaBUTh TOYKY, JIeXKAIlyl0 Ha BEpXHEW MM HIKHEH
MIOJIyOKPYKHOCTH).

CMOTpUM Ha TIpeiesbl BHEITHETO WHTETpajia: «MKC» u3MeHsercst ot —2 1o 0.

Brimonaum YepTEXK:

HJ’IH HarJiiAHOCTHU YKaKE€M CTpPCJIKaAMU HepBLIﬁ coco0 O6XOI[8. 06J'IaCTI/I, KOTOpHﬁ COOTBCTCTBYCT
0 T
[ax [ r(xpyay
MOBTOPHBIM HHTEI'pajiaM YCJIOBUSL: -2 H+d .
Teneps HY)KHO U3MEHUTH MOPSAOK 00X0a 00IACTH, IS STOTO MepereM K 00paTHBIM (YHKIIHSIM
(BLIp a3um «HUKCBD» qcpe3 «Urp eKI/I))) .
y=xt+d=x=y-2

_ fi_ .2 -
HemaBno MBI mpeoOpaszoBain Kumio " 4-x K VDaBHEHHIO OKDPYKHOCTH TXx _4,
peoop YH
y2+x2=4:‘>xz=4—y2

nanee BBIpaYKaeM CHKC»:
B pe3ynbTaTe MoJIy4aeM 1BE oOpaTHbIe byHKIMH:
x= 04—y .
— oTpesenserT MPaByIo MOJTyOKPYKHOCTB;
x=—J4-*
— ompeenser JIEBYIO MOJIyOKPY>KHOCTD.
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N3menum HOPSI/IOK o0xona obmactu:

pressveveeeee Wrreeehenenaye s esy T et SETTEETEEEEE .

...................................................................

CornacHo BTOpoMy cmocoOy 00xo0ja, JIa3epHBIA JIyd BXOAHUT B 00JacTh cJieBa 4epe3 JIEBYIO

R I —
TIOITyOKPY/KHOCTB * 4= 4 Borxomnt cipaBa wepes mpamyio * =¥ T 2 (kpacHas cTpenka).

B 10 ke Bpems s1azepHas yka3zka IPOBOAMUTCS BJOJIb OCH OpAMHAT cHU3Y BBepx oT 0 1o 2 (3enéHas

CTpeJIKa).

Taxkum obOpazom, MOPSIIOK obOxona oOJacTu:
— -yt Exsy-2

D=y

OTBerT:

0 a4’ 2 »-2

Jax [F@yydy=[dy [f(x dn

-2 ¥+2 n _W

Kak BbIYMCIUTH IJIOMAAbL IJIOCKOH (GUTYPBI ¢ MOMOUIBIO IBOMHOI0 HHTErpaJa?
Haunnaem  paccmaTpuBarhb  COOCTBEHHO  IPOLIECC — BBIYMCIEHHS  JIBOWHOTO  MHTErpaia

] 7% y)axay

D Y 3HAKOMUTBCS C €70 TE€OMETPHUUECKUM CMBICIIOM.
_”.:fxci’y
JIBoitHON wuHTerpan & YMCIGHHO paBeH IUIOMAmHM IUIOCKoH ¢urypsl L' (oGmactu

I/IHTerI/IpOBaHI/IH). 9T0 HpOCTCfII.HPIfI BH/JI IBOMHOTO HHTCI'palia, Koraa d)VHKI_II/ISI ABYX IICPEMECHHBIX

paBHa eMHHULIE: Sixyi=1 .

Cnauana paccMOTpuUM 3aJavdyy B O6H.I€M BUJie. BplUuCINM IUIOIIaAb IIOCKOM (I)I/Il"ypbl *D,

OrPaHUYEHHON JINHUSIMH x=a x=by=7x.ry=gx) JUist ONPENENEHHOCTH CYMTAEM, YTO

S =glx) g OTpE3KE [':1; b] . Ilmomanp gaHHOW  GUrypel  YMCIEHHO  paBHA:
§= [[dxay
ol
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N306pazum o0nacth D Ha qepTexKe:

............... MOt
Bri6epem MepBBIN croco6 obxona obnacTu:
glx) =y = fix)
a=x=h
& Ffim
5= ”.:fx.:fy = I.:fx I.:fy
Takum oGpaszom: o e Eix

N cpazy BaxHBIM TEXHUYECKUM TPUEM: TMOBTOPHbIE MHTErpajibl MOKHO CYHUTATH [0
oTaejbHocTH. CHavana BHYTPCHHHH HWHTErpaji, 3aTeéM — BHENIHWH HWHTerpai. JlaHHBIM crmocod
HACTOSITENILHO PEKOMEH/IyI0 HAYMHAIOIINM B TEME YalHHUKaM.

1) BbluncnuM BHYTPEHHHMI WHTETpal, MPU 3TOM HHTETPUPOBAHHE MPOBOAUTCA MO MEPEMEHHON

CKHUT'PCK»:
Fix)

[ar=0fil = s -2
Eix)

Heonpenenéuuplii wHTErpan TyT NOpocTedmiui, W Aanee ucmnoisdyerca (opmyna HproTona-
JleiiOHMIA, ¢ TOW JIMIB pPa3HUIICH, YTO MpeAeIaMH HWHTErPHPOBAHHUS SIBJISIIOTCA He 4YHCJIA, a
¢pynkunu. CHavana noACTaBUIN B «UTPEK» (MIepBOOOPA3HYIO (PYHKIIMIO) BEPXHHUM Mpesien, 3aTeM —
HIDKHUH TIpeaen

2) Pe3yJ'II>TaT, HOJ'Iy‘IeHHHﬁ B IIEPBOM ITYHKTC HCO6XOILI/IMO MOACTaBUTh BO BHEIIHHI HHTCrpal:

[(rx - gxpax

bonee KOMITIaKTHAasA 3aIIUCh BCCTO pemicHuAd BBITIAANUT TaK:
g fix 2 2
§ = [[drdy=[dx [ay=[O)|ffi]-dx = [(f(2) - gla)dz
I 2 Elx) 2 2
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3

5= [(/(x0)- glx)dx
[Tomy4yennas popmyna 2 —93TO B TOYHOCTH paboyasi popmyIia Al BEIYUCICHUS
IUIOLIA/IU IJIOCKOH (pUTypBl ¢ HOMOIIBIO «00OBIYHOTO» onpenenénnoro uuterpanal To ects, 3agaua
BBIYHMCJIEHUS TJIOLIAJHM C MOMOIIbIO IBOHHOI0 MHTErpaja Majao YeM OTIHYAETCH OT 33/1a4H
HaXO0X/ICHHS IUIOLIAIN C TIOMOIIBIO ONPEAEIEHHOr0 HHTerpana!

[Ipumep 3
C HOMOIIBIO JIBOMHOTO MHTErpala BBIUMCIMTB IUIOMAAb IIOCKOH (urypst L', orpanmuenHoit

— 2 —
auausamu ¥ - 1‘, xty=3

Pemenue: N306pazum o0nacTb D Ha YyepTexe:

9

[Inmomane  ¢urypsl  BBIYMCIMM €  TOMOIIBIO  JIBOMHOTO  HWHTErpaga 1o  Qopmyre:
5= ”cx‘xdy
il

Bri6epem ciienmyromnuii mopsaok 06xoaa o6aacTu:
-1z y=5h—x
e

Takum oOpazom:
S-x

S:”.:fx.:fy: T.:fx I.:x’y
n . |

1) CHaualna ¢ IIOMOIIIBIO (bOpMyJ'IbI HBIOTOHB.-.HGIZ6HHLI3 pa361/1paeMc;1 C BHYTPCHHUM HHTCIPAJIOM:
S-x

Jar=0m
x2 -1

2) PeayanaT, HOJ'Iy‘ICHHBIﬁ Ha IICpBOM Hare, IMnoACTAaBIsICM BO BHEIITHUM HHTCIpal:

] ]
jr;ﬁ—x—f).:fF 6x—x——£ |33=12—2—§—(—18—E+9]=10—§+9+E=
LS 23 3 D 3 D

S=x 2 2
oy =0—x-(x -N=b-x-x

:19+M:19+E:19+12: EDE
6 6 6 &

ITyHkT 2 — (akTUdeckH HaXOXAEHUE IUIOIAAM IJIOCKOH (UIyphl C MOMOILIBIO ONPEAEIEHHOTO

HUHTETrpaja.

5= 205 el
&

OTtBeT:
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[Tpumep 4.
C NOMOIIBIO JIBOMHOTO MHTErpaga BBIYMCIMTG IUIOMAAb IIOCKOH ¢urypsr L', orpanmuenHoii

5 1
1 yo=——x+4

AMHEAMH © 2x+4’ 2

Peumrenne: Hac c HeTepIIEHUEM JKIIyT IBE NapaboJIbl, KOTOPHIE JIeXKAT Ha OOKY.

Kak npoe Bcero caenath 4epTeéx?

2 _
[IpencraBum napaboy y'=2x+4 B BU/JIE JBYX byHKIMA:

y=adx+d BEpXHsis BETBb U ¥ 2% +4 _ jucuss petss,

1 || 1
y2=——x+4 y=l-—x+4
AHaJIOTMYHO, MpEeACTaBUM Mapadboiy 2 B BHJIE BEpPXHEU E U HWKHEN

y= —qll— 1 x+4
2 BETBEM.

Jlanee pynIuT NOTOYEYHOE IOCTPOCHHE TpaMKOB, B pPE3yabTaTe HYEro IMOJIydaeTcss BOT Takas
MpUYYIUBas ¢urypa:

------ R e L R e e s S L Lt
...... ISPRANEC. (/1 [ CHNSDY  BUSTIS, KON, PR, (NSNS L SUSN o Lo
[Inomaas  ¢urypsl  BBUKMCIAMM C  TOMOIIBIO  JBOWHOTO  HWHTerpasia 1o  ¢opmyre:

5= ”dxdy
i

Urto Oyzer, ecnu MBI BbiOepeM MepBbIid cnocod obxona obiactu? Bo-mepBhix, JaHHYIO 00IacTh
MpUAETCS pa3AeIUTh Ha IBE YacTU. A BO-BTOPBIX, MbI Oy/IeM HaOII01aTh CHIO NIEYaIbHYI0 KapTUHY:

—lx+4

0 SIred & 2
S:”dxdy: I.::t’x Idy+ dx _[.::{y
0

-2 - I r
x+4 _ —%x+4
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[ToaTomy BBIPA3UM oOpartHbIe ¢byHKIMu:

2:2x+4:>2x:f—4:~x:%—2

1 1
yz:—§x+4:$§x:4—yhix:8—2y2

OOpaTHble QYHKIIUU B JAaHHOM MpHMEpe OONATAI0T TeM MPEUMYIIECTBOM, YTO 3aJIal0T CPa3y BCIO
napaboiry MeTuKOM.

CornacHo BTOPOMY croco0y, 06xo01 obnactu Ooyner CJICIYIOLIUM:
2

%—221’58—2}?2

—2=Zy=2
Taxkum 00pazom:
2 g-ap?
5= ” drdy=[dy [dx
= ﬂ-z
)
1) PacnipaBnsemcs c BHYTPEHHUM HMHTETPAJIOM:
8-2p° . 2 2 542
[ax= (2| =8—2_yf*—[3’——2J=8—2y3—""—+2=10—i
. %-2 2 2 2

]
Pe3ynbTaT nojcrasisieM BO BHENIHUIA UHTETPal:

2)
2
5y ; 20 v
1 dy="2 dy=[ (20 5y Mgy = _2 40———0——:25—
J[ro- % Jr=ef{10-3 Jor= Je-mrr= (s aE
a
10-2
Taxke oOpaTuTe BHMMAaHHWE Ha TIEPBBIA IIar: MOJBIHTETpAJbHAS (DYHKIIHS 2 gpasercs

4ETHOM, a OTPE30K UHTEIPUPOBAHUSI CUMMETPUUYEH OTHOCUTENIBHO HYJs. [[03TOMY OTpe30K MOXKHO
CIIOJIOBUHUTD, & PE3YJIbTAT — YABOUTD.

5= 253 2
3

OTBeT:

B OonplmivHCTBE MpakTHYECKUX 3agady Tpedyercs (OpMallbHO BBIYMCIUTH JIBOWHOM
UHTErpai, HO, IOMUMO 3TOTO, OH 00Ja/laeT OTIUYHBIM T'€OMETPUUYECKUM CMBICIOM — C MOMOIIBIO
JIBOMTHOTO MHTErpajia MOMUMO IJIOUIaJ1 MOKHO BBIUUCIHTH ellle U 00bEM. ['eoMeTprueckuii CMbICI
JIBOMTHOTO MHTETpaJia MOSICHUM HUXKE Ha KOHKPETHBIX IPUMEPaXx.

[| 7Gx y)dxay
Haunnaem HaOuBaTh Halll ABOMHONM MHTETrpasr £ pPa3HO00pa3HOM HAYUHKOM:
[Tpumep 1
BrrurcnuTe 1BOWHON MHTETPAI
_l;_!-xdxd_y, D:y:y'{;; yox
N3MeHuTh MOpAI0K MHTETPUPOBAHMSI M BEIYUCTUTH IBOMHONM MHTETpall BTOPHIM CIIOCOOOM.
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Pemenne: 1300pa3uM o61acTs HHTErpupoBanns L Ha ueprexe:
pessscsssscsn Jepeenrennnnannnn P .o

AT ) | TS SNOPRRL | SRR :
BriGepem crenmyromuii mopsiiok 06xoma:

xEyEJE
O=x=1

Taxum oGpazom:

¥ ¥
” xdxdy = _i.a!'x _[ xedy= i x.:i’x_[ ay
I 0 % a0 ¥

OO6paTtuTe BHUMaHKE Ha ClIeylolee AeHCTBHE: B JAHHOM CIIydyae MO>KHO BBIHECTH «HKC» U3
BHYTPEHHETO MHTErpajia BO BHEMIHUN HHTETrpall. [loueMy? Bo BHyTpeHHEM MHTETpalie

=

_[ xedy

¥ HHTErPUpPOBaHNe NPOBOAUTCS M0 KUTPEK», CJ1eI0BATEIbHO, KHKC)» CUUTAETCS
KOHCTAHTOM. A m00yI0 KOHCTaHTY MO>KHO BBIHECTH 3a 3HAaK MHTErpajia, 4To OJaromnoyiyqyHo u
C/IeTIaHo.
C uHTerpanaMu HaCTOATEIHLHO PEKOMEHIYIO pa30MpaThes MO MyHKTaM:

1) Ucnonezys  ¢opmyny  Hbrotona-JleitOnua, HalaéM  BHYTPEHHMH  HWHTErpai:
&
[ay=0)F =fx-=
I
Bmecto «urpeka» nojacrasisieM GyHKIUU!
1
dex
2) Pe3ynbraT, MOMy4YeHHBIN B TIEPBOM ITyHKTE, MOJICTABUM BO BHEIIHWUN MHTErpai * , IpH 3TOM
HU B KOEM cllydae He 3a0bIBaEM MPO «UKC», KOTOPBIM TaM yKe HaXOJUTCS:
1 13 5
- 2 % 2 1 6 5 1
_l-x(n.-'f_—x)cz’x= _l-(x:‘ - xjjl.:z’x =|=x*-= |%, = (0-0 == —=—
! ! 5 3 5 03 15 15 15

BeinosnHgeM BTOpYIO YacTh 3aJaHMs: W3MEHUM MOPAIO0K 00X0/Ja 00JIACTH M BBIYMCIMM JBOMHON
MHTETpajl BTOPbIM CIIOCOOOM.
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[lepeiiném K o0OpaTHBIM byHKIMAM:
y= «Jr; = x= _yg

yY=Xx=x=y

JUis HarIsIIHOCTH elle pa3 IMpHBeneM uepTéxX, OH OyJeT TOYHO TaKuM K€, HO C JAPYTHMMHU

0003HaUYCHHUSIMU rpaduKoB:
aaRcaes R e e e T R .
: Y : LA :
:. ............ B dlecacsancssanasqanconcansnaninSoasascsanccannn
é x=y’
§ sseasana fokcnenin s ML i i .
: - : :
.' b’ A ! Li 1
-3 i t 2 X 3
............ o) PR o B S S Y T S SR S ok 1

Bropoii coco6 06xo1a obmacTu:
yz Zx=Ey
D=y=l

Taxum oGpazom:
1

»

” xedxady = _ll.:fy_l-xdx

il 1] »?

Bor 371ech yxe «HKC» SBISETCS «POTHBIM» Ui BHYTPEHHETO WHTErpaya, Mo3TOMY €ro Hemlb3s
BBIHECTH BO BHEIIHHUI HHTETpaJl.

1) HUcnome3ys  dopmyny  Herotona-JleiiOHuia, BBIYMUCIMM  BHYTPEHHHH  HMHTETpa:

Jrde= L0 = L0 -0 = L0701
27 2

J"!

Bmecto «UKCa» [IOICTaBJISIOTCS ¢bynkuun!
Bceraa nmposiBJisiiiTe moBbillieHHOE BHUMAaHHUeE TIPH TI0JICTAHOBKE MPE/IEIIOB HHTETPUPOBAHMUSL.

2) PeayanaT, HOJ'Iy‘ICHHBIﬁ B IICPBOM IIYHKTC, IIOJACTABUM BO BHEIITHHUI HHTCTpal U HpOBCI[éM
OKOHYAaTCJIbHBIC BBIYHCIICHUA:

1f, 2 1% ¥ 1[1 1 ] 1(5 3] 21
ot -y =—| L L =2 22040 ]=o| 22|22 2=
2!03 Mar=5\ T -5 =3 2015 15

1
2 15 15
Pesynbrathl coBniany, 3Ha4MT, 3aJaHUE BBIIIOJTHEHO BEPHO.

Ecau ects Bpemsi, mocTapaiiTech Bceraa npoBOIHTH MPOBEPKY, AaKe €CJIH ITOr0 He TpedyeTcs
B YCJIOBUH: BBIYHCIIHIM UHTETPaJl OJTHUM CIIOCOOOM — 3aT€M M3MEHIIIH MOPsIOK 00X0/1a 00IacTH 1
BBIYHMCIIHIIN BTOPBIM CIIOCOOOM.
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1
dxdy=—
OTtBer: 'I;'!.x - 15

[Tpumep 2.
Bprunciuts JIBOMHOU HHTETpal

[[(2x +y)axay

a Dox+y=3 y=0 x=10

Pemenue: cHauama paccMOTpuM TO, 4Y€ro JA€jiaTb HEC HYXXHO — B AAHHOM CJjIyda€ HE CICAYCT
HCIIONB30BaTh CBOMCTBA JIMHCHHOCTH KpaTHOTO HHTCrpajla MW MNpeACTaBJIATL C€ro B BHIC!

” (Z2x+ vidxdy = 2” xadxdyv+ ” vexdy
i i

i
[Touemy? Boruncnenuit 3amMeTHoO npudbaBuTcs!
Pemenne, kak  O0ObIYHO, HAUYMHAeM C  [OCTPOEHHS  OOJIAaCTH  HHTETPUPOBAHUS:

B nanHOM mpumepe, Kak JIETKO 3aMETHTh, HE UMeeT 0co00T0 3HAYEHUS MOPSI0K HHTETPHPOBAHUS,
MOATOMY  BBIOEpEeM TIePBBIH, Oojlee  TPUBBIYHBIA  BapuaHT  o0xoma  oOjacTH:
D=y=3—x

O=x=3

Taxum oOpazom:
i-x

3
[[(2x+ y)dxdy = [ dx [(22+ y)ay
D o0

31eck U3 BHYTPEHHETO MHTErpajia HU4ero BEIHECTH HEJIb3sl, OCKOJIbKY HAYMHKOM SBIISIETCS CyMMa.
C MOBTOPHBIMHU MHTETPAJIAMH OIIATH pa30upaeMcs M0 OTACIBHOCTH.

1) CHauana 6epéM BHYTpEHHUI MHTErpa:

T s (G-x’ 2, 3=z
I(2x+yj.:£y: 2xy+€ |u_x:2x(3—x)+T—D—D:6x—2x +T
0

Eciu wHTEerpmpoBaHMe NPOBOAUTCA MO «HUIPEK», TO IePeMEHHAsl «HMKC» CYHTAETCs
KoHcTaHTOH. U HaoOoporT.
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2) bepém ocraBiuniicsi BHEIIHUI UHTETpal:
3 Y 3
I(Ex— 2x + & 2"‘} Jai'x = _[(Ex — 2x)dx+
1] 1]

—

EE(B—x)%fx:

_[32-27 § —1_3[(3—;:)3.:3’(3—;:) =27 18- 040-~. l(z—x)3|3 =
3 )02 2 3 ’
_o-l—omoos2o2 g3l
6 2 2 z
3
[G-xdx
[Ipn HaxoxneHun uHTerpama ° UCIOJIb30BaH METOJ MOJABEACHMs (YHKIMM TOJI 3HaK
mrddepernrana.
27 .1
”{Ex+y}.:fx.:fy= 2l o132
OtBer. 2 2
Conep:xanue NpakTHYECKOH padoThI
3apanmue 1.
[TocTpouts o0macTb HHTETrPUPOBAHUS 5 U3MEHUTH MOPS 0K HHTETrPUPOBAHUSA
1} -»-1
Jav [0z yyx
-1 3y
3apanmue 2.

[ 7. )y
JaHn nBoiftHOW wHTErpan o ¢ 00JacThI0 MHTETPUPOBAHUS
[lepeiiTu K MOBTOPHBIM MHTErPaiaM U PAaCCTaBUTh IPEEIIbl MHTETPUPOBAHUS IBYMsI CIIOCOOAMHU.

Dix=3 y=0, yv=1-=x

3aganue 3.
BrruncinuTh 1BOMHON UHTETpAIT

” (23" — x)dxdy

i Dv=x+2 v=0 x=0

3ananue 4.

x
Dox=0, y=2, y==
Brrauciuth JIBOMHOM HAHTErpai o oOnacTtu 2

” yge_%dxdy

n

3aganue 5.
C momouIpl0 JBOMHOTO WHTErpalia BBIYUCIUTH IJIOMAAb TIIOCKOW (Urypsl I , OTpaHUYECHHOMU

—_— x —_—
auausamu © - ¢, YT E x=10

3axanue 6.
C momomIpl0 JBOWHOTO WHTETpalia BBIYUCIUTH IJIOMAAb TUIOCKOW (Urypsl L , OTpaHUYECHHOU

4
v=—,yv=2 v=4 v=x-1
JIMHUSMHU X
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[IpakTueckoe 3anstue Ne 16

Tema: [leficTBug HaX MaTPULIAMU, BBIYHMCJICHUE ONpeIeIuTeIel.
Hean: chopmupoBaTh yMEHHE BBINOIHATH apUDMETHUECKHE JEHCTBUS C MaTpHIlaMH,
HaxXOJUTh OMMPEACTIUTCIIN MaTPUILI.
Teopernyeckue cBeIeHHS:

Marpuueii Ha3bIBacTCs NPSIMOYTOJIbHAs TaONIMIIA YMCEJl, COCTOSIIAs U3 M CTPOK M N CTOJIOLOB,
KOTOPYIO 3alMCBIBAIOT B CJIEAYIOLIEM BUJIE:

d;p  ap aqp

a a a
Al 82z 22 2n

a-ml a'm2 e amn

Jlns o0o3HaueHus] MaTpullbl KCIOJB3YIOT IPOIMUCHBIE JATUHCKUE OYKBBIL, i OOO3HAUCHUS
AJIEMEHTOB MATpHIIBl — CTPOYHbIE JIATMHCKUME OYKBBI C yKa3aHHEM HOMepa CTpOKM W CToJOIa, Ha
MIEPECEYEHNN KOTOPBIX CTOUT JAHHBIM 3JIEMEHT. 3aluch « Marpuia B nmeer pasmep MXnN» o3Hayaer, 4to

3 -1 0
2 3 5

umeer pasmep 2X3. [anee, bj - 0003HaYEHHE 3IIEMEHTA, CTOSINECIO HA MEPECCUEHHMH I-if CTPOKH U J-TO
CTOJIOIA JAHHOM MaTpuIIb (B ipuMepe bzs=5).

I[pu ccbuike Ha i-10 CTPOKY MaTpUIlbl A UCTIONB3YIOT 0003HaYeHHe Aj, IIPU CChUTKE Ha j-i cTO0eI]
— 06o3Hauenue Al.

Marpuiia, y KOTOPOM YHCIIO CTPOK COBMAJAeT C YMCIOM CTOJIOLOB, HA3bIBACTCS KBAJPATHOM.
DneMeHTHl a1l , &2 ,..., amn KBaJpaTHOM Marpuibl A (pazMepa NXn) oOpa3yroT MIABHYIO AWArOHANb.
KBanmpartnas martpuiia, y KOTOpOW OTJIMYHBIE OT HYJsl SJIEMEHTHI MOTYT CTOSITb TOJBKO Ha TJIaBHOM
JIMaroHaIM, Ha3bIBACTCS UAroHaIbHOM. [luaroHanbHas Marpuila, y KOTOPOM Bce ANEeMEHTHI (TIaBHOM
muaroHanu!) paBHbI 1, Ha3pIBaeTcs eAMHUYHOM. HakoHell, kBagpaTHas MaTpHiia, y KOTOpOi Hibke (BBIIIE)
[JIABHOM JMAaroHaM HAXOASTCS TOJBKO HYJH, HAa3bIBACTCSI BEpXHEW (HMKHEW) TPEYrobHOW MaTpUIIEH.
Hampumep, cperm kBaapaTHBIX MaTpHIl pazmepa 3X3

pedb MJIET O MaTpHlle, COCTOsIIEH U3 M cTpok U N cTonbuos. Hanpumep, Matpua B =

-2 3 1 -2 0 0 1 00 2 0 O
A=l 0 3 3 |,B=f0 0 O|,E=(0 1 O0,C=|1 0 O
0 0 -2 0 01 0 01 3 -4 -2

MarpuLa A sBIISIETCS BEpXHEN TpeyroibHoH, B — muaronansHOM, C — HUKHEHN TPEeyroJIbHOH,
E — exunmyHOM.
Marpuisl A, B HasbiBatorcst paBHbIMH (A=B), eciim OHM HMMEIOT OJMHAKOBBIM pasMep, U UX
JJIEMEHTBI, CTOALLME HA OIMHAKOBBIX ITO3ULIUSAX, COBIIAJAIOT.
ApudmernyecKne JeiiCTBUs ¢ MATPULIAMH.
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UroObl YMHOXHTh MAaTpuily A Ha OTIIMYHOE OT HYJS BEIICCTBEHHOE YHCIO K, HEOOXOIUMO KaXKIbIid
ANIEMEHT MATPHILIbI YMHOXHTh Ha 3TO YKCIIO:

81 ... 8y ka;; kap, ... kay,

a a ... a ka ka ... ka
KA = k 21 22 2n | _ 21 22 2n

aml a'm2 amn kaml I(am2 I(amn

UYroObl HaiiTh cymmy Matpuil A, B ofiHOH pazMepHOCTH, HEOOXOIUMO CIIOKHTH 3JIEMEHTBI ¢ OJIMHAKOBBHIMU
MHJEKCaMHU (CTOSILIME HAa O/TMHAKOBBIX MECTaXx):

app 8 ... A by by ... Dby,
a a .. a b b .. b
A+Bo| 22 2 2n |, | P2 2 n | _
& 8my - 8m bt BPm2 - B
ap +by  ap +bp ... a4y +by,
_ ay +by Ay +hy oAy, +hyy,
A by ame +bpo o g, + by
4 - 1 0
Ipumep 1. Haiitn 2A-B, ecrm A= , B= :
2 3 -3 2

Pemienne. CHavana ymMHOXKaeM Matpuily A Ha 4ucio «2», 3aTeM Matpuily B Ha uncio «-1», u, HakoHell,
HaXOJIM CYMMY TOJTy4EHHBIX MaTPHILL:

S Y 5 P Pt Uy

2 -3
-1 2 4 2 4 —
Umeem: 4 -1 2|=2 —(-3) + (-1 =
5 0 30 3 5
3 5 0

=2(-1-:0-2-5)+3(4-0-2-3) —1(4-5—(~1)-3) =—20 —18 — 23=—61.

[pousBeneHre AB MOKHO OmpenesuTh TOJIBKO JIst MaTpuil A pazmepa mxn u B pazmepa nxp, npu
sroM AB=C, marpuna C umeer pazmep mXp, 1 ee SJIEMEHT Cjj HAXOIUTCSI KaK CKaJSIPHOE MTPOU3BEICHHE -1

CTPOKM MaTphbl A Ha j-ii cronGen marpuupt B: Cjj = AB! :ailblj +ai2b2j +...+ainbnj

(=1,2,...m; =1,2,...,p). DakTuuecku HEOOXOAMMO KKIYIO CTPOKY Marpuilbl A (CTosIei creBa)
YMHOKUTB CKaJIIPHO Ha KKIBIN cTonoel MaTpullbl B (crosieii cripasa).

-1 1
1 -2
pumep 2. Haiitu npomsseenne matpuy A=| 0 4 |u B= (3 4 j
2 1

Perenne. Pasmep matpuipt A 3X2, marpuriel B 2x2. Tlostromy mpousBenenne AB HallTH MOXXHO,
npomssenieHre BA — Her. JleiicTBys 1o chopMyTMPOBaHHOMY BBIIIE [TPABUITY, TOTy4aeM:
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-1 1 1 _2 -3D@3) (-1D(-2;4) -1+3 2+4 2 6
0 4 (3 _4 ] = (0;4)(L3) (0,4)(-24) |=|0+12 O0+16 |=[12 16
2 1 2DE3) (2)(-24) 2+3 —-4+4 5 0

Marpurieif, TpaHCIOHHPOBAHHOH K MaTpuie A pasmepa Mxn, HaspBaeTcs matpuna AT pasmepa nxm,
CTPOKH KOTOPOM SIBIISIFOTCS CTOJIOLAMH HCXOTHOW MaTPHIIBL.

-2 1

Hanpumep, ecru C = ,oC = 0 -=-3].
1 -3 3
1 3
-1 1 T
1 -2 -2 4 6
Ipumep 3. Haiiru | 0 4 +2 :
3 4 5 7 3

2

Pemrermie. Bocnosn30BaBIINCH BBIYHCIICHWAMU, TPOBCACHHBIMH IIpHU PCIICHHUW IIPHUMEPA, a TAKKC
IpaBUJIaMH YMHOXKCHMWA MAaTPHUIbI HA YUCJIO U CIIOKCHHA MAaTPHII, ITOJTYYUM:

-1 1 T 2 6 -2 5 -2 16
1 -2 -2 4 6

0 4 +2 =112 16|+20 4 7|=120 30
3 4 5 7 3

2 5 0 6 3 17 6

ManI/IL[BI A, B Ha3bIBalOTCA SKBUBAICHTHBIMH, €CIM OJHA TMOJyY€Ha W3 JIPYrod ITyTeM
ANIEeMEHTapHBIX MPEOOPa30BAHHIA.

Panrom marpuribl A B nabHEHIIIEM OyJIeM CUMTATh YUCIIO CTPOK SKBUBAICHTHOM €/ CTYIIEHYaTOM
MaTpuIlpl, UCTIONB3Ysl oOo3HavueHne 1(A). Tak, B paccMoTpeHHOM Bbine npumepe 3.4 1(A)=3, 1(B)=2.

MOXHO J0Ka3aTh, 4TO PaHT MATPULLI A (pazmepa MXN) He Moxker ObiTh Gonbire MIN{M, N} (Hanpumep,
Ty1st MaTpuiisl A pasmepa 2x3 I (A) < 2). KpoMe TOTo, paHT MaTpHIIBI He 3aBUCHT HU OT BEIOOPA BE/YIIIHX

3JIEMEHTOB, HU OT IPOBOIMMBIX [Pe0Opa3zoBaHuii. ITO CBOMCTBO MO>KHO HCIIOIB30BaTh MPH MpoBepke. Tak,
B npuMepe 3.4 mocsie rnepecTaHOBKY MEPBO U BTOPOIl CTPOKH B Marpuile B MOXHO B KauecTBe BEIYILIETO
CHayaja pacCMOTPETh AMEMEHT bi, a 3aTeM BBIYEPKHYTb TPETHIO CTPOKY, MPONOPLHOHAIBLHYIO BTOPOH (

Cs;=-Cy)
2 0

9 325
B= 5|—4©% 42 0 4 9|
6 9 2 6

1
2
1
3 2
13 2 5
0 4 j
2 049
0 -4 J

Beruucnenue onpenenuteneil. Onpenenurens MaTpuisl A pasmepa 2X2 (onpeaenurens 2-
ro HOPs/IKa) — 3TO YUCIIO0, KOTOPOE MOKHO HAHTH IO MPaBUILY:

det A=|A =

1 3
19

4

2

2

_ C3=C3-3C; | [

ad;p  ap
=apdy —apay

dy ap

(HpOI/I3BC,[[CHI/IC 9JICMCHTOB, CTOAIIMX Ha rJIaBHON JuaroHaiu MaTpulbl, MUHYC HPOU3BCACHHUC
OJICMCHTOB, CTOAIINX HA MOOOYHOM I[I/IaTOHaHI/I).

Onpenenurens Matpuisl A pasmepa 3X3  (ompenenutens 3-ro MOpsaKa) — YHCIO,
BBIYHCIIIEMOE T10 MPABUITY «PACKPBITUE ONPEACIUTEINS 110 IIEPBOI CTPOKEN:
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) A A3

dpy a3 dpp a3 dp; dp
detA= ‘N =|dp1 Qdpy QAoz|=2a11 — +dq3
dgp dagj dz; as3 dz; az
d3p QAgp 4ds3
2 -3 -—
[Ipumep 4. Haiitu: |4 -1 2
3 5 0

Pemenne. [lpum HaxXoXIEHWH ONpENENUTENs BOCIOJB3yeMCs CHadana (QopMmyIioi

a;p A A3

dpy adp3 dp; aps3 dp; ap
detA=|Al=lay ay az|=an —ayp +ay3 ,
dgp dagj dz; as3 dz; az
d3p QAgp 4ds3
3aTeM (st BBIYHCIICHUS onpenenuTenen 2-ro HOPS/IKA) (dhopmynoit
d;p  ap
detA:‘A‘: :a11a22 —a128.21.
dy  ap

Conep:xaHue NpakTHYECKO# padoThbl

3ananue 1. BeimomHuTh aprudMeTHIecKue TeHCTBUS C MaTPUIIAMH:

) 3(1 —2]_2(1 _4} ) (1 _zj +2(5 _1);
3 5 5 0 3 4 0 3

T

s 4 5 5 1 2 0 8 2 10 3
3) 318 41 H|3 8 5(+2/0 4 -2];
8 10 4
-1 0 -4 7 5 2 -9
1 2) (1 4\(=2 4
5) + . :
3 14) |5 10)\-1 3
2 -1 -3 2 3
1 0 -1 0 -2
6)(-3 1 0 1) -3 ;
1 3 1 10 -3

2 4 8 -1) (1

3ananue 2. Jlokazats paBencrso (AB)C=A(BC) msa matpuir:

4 -2 6 — 1 4
1) A= , B= , C= ;
LR T

-3 2 1 2 10 1 3 1
A= 0 1 2|, B=-3 1 4|,C=2 1 4|
3 1 4 3 21 -1 1 -1
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3

2 3 0 1 -1
1 3 1 -1
3aganue 3. Haiitu: 1) ;o 2) ;3|11 0 1
0 2 0 2
-1 0
3aganue 4. BeuncinuTh onpeaennTenu:
sina —cosa -1 i 1 2
1) E 2)|. ; 3)
cosa Sina — 0 -1
1 0
2 3 3 -2
4) ; 5) ; 6)|0 4 7
5 6 4 -10
-3 15
3 0 1
70 -2 3
1 1 -1

[Ipaktrueckue 3anstusg Ne 17, 18

Tema: Pemienune cucreMbl JIMHEHHbIX YPABHEHUI B MATPUYHOU popme.

Tema: Pemienne CJIAY metronom I'aycca u meronom Kpamepa
Heﬂb: C(bOpMI/IpOBaTI) YMCHHE HUCCIIEA0BATh U MCII0JIb30BaTh Pa3JIMdHbIC METOAbI IJIA PCIICHUA
CUCTEM JIMHEHHBIX alreOpanvyecKux ypaBHCHUM

TeopeTnyeckue CBeIeHUA:

PaccmoTpuMm cuctembl smHEHHBIX anreOpanyeckux ypaBHeHuil (CJIAY) npousBoiabHOU
pa3MepHOCTH, COCTOSIINE U3 M YPAaBHEHUH C N HEU3BECTHBIMHU:

a.llxl +8.12X2 +...+ alan :bl

)

amlxl +am2X2 +...+ amn Xn :bm
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dp  dp ... 4y

a21 a22 e a2n
Marpuna A= , COCTaBJICHHAs! M3 KOA(P(UIMEHTOB CUCTEMBI (*),
Ami @m2 - 8m
by
b,
Ha3bIBAETCS MaTpUIleil cucteMbl (ee pasmep — MXN), a Bexktop B = (m-mepHbIit)-
b,
CTOJIOIIOM (BEeKTOpOM) CBOOOTHBIX YJICHOB. Matpuiry BHJIA
&1 @ .. b
a1 axp .. ax|b ) ) .
A‘B = Ha3BIBAIOT PACHIMPEHHON MaTpulel cucreMsl (*).

JIroboii HaboOp 3HaYeHHMH HEU3BECTHBIX Xi, Xp,...,X,; , 00pasylomux N-MEpHBIA BEKTOP
X1
X2 T .

X = =(X1,X9,...,Xy) , SBUSETCA pewieHHeM cucTeMbl (*), eciM 9TH  uMcIa
Xn

YIOBIICTBOPSIIOT BCEM YPaBHEHHWSIM CHUCTEMBbI (T.€. MPEBPALIAIOT MX B TOXAecTBa). OUYeBUIHO,

aro b, = @;1X; + 85X, +...+ 8, X, npu kaxaom i=1,2,...,m (i-e ypaBHEHHE TIpeaCTaBIAET

co0Ol CKaJIIpHOE MPOM3BEACHHE I-ii CTPOKHM MATpHIBI CHCTEMBI Ha BekTop X), u (*) MOXKHO
nepenucarhb B BUIC

AX =B. (**)

3anucek (**) HazpIBaeTCA "MaTpPUUHOM (BEKTOPHOM) (hopMoii 3anucu" cucTeMsl (*).
[Tpumep 1. Beimucate Matpuily ko3hGUIMEHTOB U cTOJ0e1] CBOOOIHBIX WwieHOB At CIIAY
2Xy — Xy + X3 —1X, =5
6X; —3Xy +2X3 —4X, =7.
4%, — Xy + X3 +3X, =10

2 -1 1 -7 5
Pemenue. OueBnano, uto A=|6 -3 2 —-4|;B=| 7
4 -1 1 3 10
3 4 -2 0 2
Ipumep 2. 3amucars CJIAY, ecnm A=|1 7 0 8|, B=|-4|.
0 -2 3 5 8

Pemenune. BBegem B paccMmoTpeHrne BEKTOp X M C KaXIbIM CTOJOLIOM MBICIEHHO
COIIOCTaBMM HEU3BECTHOE: C IEPBBIM CTOJOLOM - X;, CO BTOPBIM - X5, C TPETbUM - X3, C
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4eTBepPThIM - X, . OKOHYATENbHO HY)KHAs CUCTEMa JIMHEHHBIX anreOpaudecKuxX ypaBHEHUI
UMeeT BUJ
3X; +4X, —2X3 =2
X{ + 11Xy +8Xy =—4
Knaccudukanus cucrem JUHEHHBIX ajlredpanyecKux ypaBHeHHU.
OnpeneneHusi U OCHOBHbIE T€OPEMBI.

Ecm  CJIAY (*) wumeer XxoTs Obl OJHO pelIeHHWE, OHA HAa3bIBACTCS COBMECTHOM
(COOTBETCTBEHHO, CUCTEMa HECOBMECTHAas, €CJIM OHa BooOIIe He mmeeT peuieHuil). CoBMecTHas
cucteMa (*) Ha3pIBaeTCA ONPENEIECHHON, €CITM OHAa HWMEET eIMHCTBEHHOE pelIeHue, Hu
HEOIPEICICHHOM, eclii uMeeT 0oJiee OHOTO pelieHus (B MOCIeqHEM cllydae y Hee OCCKOHEYHO
MHOTO pEelIeHH).

Martpuny cucremsl (*) OyzneM Ha3bpIBaTh NMPUBEAECHHOH (a caMy cUCTEMY KaHOHHYECKOMH), eCiu
B KaXJ0i I-if ctpoke (i=1,2,...,m) ecTh 2IeMeHT j =1, a Bce ocTanbHBIE BIEMEHTHI j-TO CTONIONA

paBHbl Hymo. Takue syIeMeHThl (M COOTBETCTBYIOIIME UM HEU3BECTHblE) OylneM Ha3bIBaTh
BEIYLIMMHU, a OCTaBIINECS HEU3BECTHBIE HA30BEM CBOOOTHBIMHU.

Teopema 1 (Kponekepa-Kanemnu). CJIAY (*) coBmecTHa TOr[a ¥ TOJIBKO TOTJA, KOT/Ia PaHT
MaTpHulbl CUCTEMBI COBIIAAACT C PAHI'OM €€ paCIHI/IpeHHOﬁ MaTpHlbI, T.C BBIIMOJHACTCA PaBECHCTBO

r(A)=r(AB).

Jlns coBmecTHoit cuctemsl uncio I =1 (A) = I’(A‘ B) nasosem panrom cucremsr.

Teopema 2 (o xonmmuecte pemieHui). [Tycte CJIAY (*) coBmectHa. Ecim ee panr paBeH
YHCIy HeW3BecTHBIX ( I =N ), TO cucTeMa SBISETCS OINPENEICHHOW; €CIH PAaHT CHUCTEMBI
MEHbIIIE YMCIIa HeM3BECTHBIX (I <N ), To CXO/HAs CHCTEMa — HeOTpeIeICHHASI.

HeomnpenenenHnas cucrema, kKak ObIJIO OTMEYEHO, UMEET OECKOHEUHOE MHOKECTBO PEIICHHIA.
COBOKYITHOCTh BCEX PEIICHUI HA3bIBACTCS OOIINM PEIICHUEM CHCTEMBI.

Anroputm Merona ['aycca. llenb paccyxaeHuid — myTreM 3JE€MEHTapHBIX MpeoOpa3oBaHUMN
CBECTHM HCXOJHYIO CHCTEeMY K paBHOCWIbHOHM, pelIeHHe KOTOpOH MOKHO BBINUCATh
HenocpeacTBeHHO. OCHOBHBIMHU 11araMu Metojia ["aycca SBIsOTCS ClaeayroIIue.

[. TIpsmoii xon. BeimmcaTe paclIUpPeHHYI0 MAaTpPUIly CHUCTEMBI, IyT€M JJIEMEHTapHbBIX
npeoOpa3oBaHUil CBECTH €€ K SKBUBAJICHTHOM CTYNEHYaTOW M ONPENEIUTh PaHTU MaTPHIBI U
paciIupeHHONW MaTpUIIbl CUCTEMbl. ECIIM OHM pa3iuyHbI, TO UCXOAHAS CHCTEMa HECOBMECTHA, T.C.

He umeet peutennit. Ecom (A) = I’(A‘ B), 1o nepexomum k cremyromemy srary.

II. CpaBHHUTH paHT CHCTEMBI M YMCJIO HEU3BECTHBIX, CAENATh BHIBOJ O KOJMYECTBE PEIICHMUIA,
YUUTBIBas TEOpEMY 2.

III. Ob6patubiii xox. CrymeHyaTyro MaTpuily MpeoOpa3oBaTh K OSKBUBAJICHTHOW ei
npuBeAeHHON. OnpenenuTh, KaKue HeM3BECTHBIC SBISIOTCS BEAYIIMMH, KAKHE — CBOOOTHBIMHU.

IV. BemmucaTe 1o TOMYy4EeHHOW MaTpHile CHUCTEMY, 3amucaTh OTBET (BBIPAa3WB, B clydyae
HEOTPEJIIEHHON CHCTEeMBI, BEIyIIHE DJIEMEHTHl uepe3 CBOOOIHBIE [UIsI TOCTPOEHHUS O0OIIero
pelieHus).

2X) — X9 — X5 =4
[pumep 3. Petnts CIIAY 43Xy +4X, —2X3 =11.

Pemenue. [IpeoOpa3yem pacmIMpeHHYIO MaTPUILy CUCTEMBI:
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2 -1 —14) ¢ ¢, (2 -1 -1 4
(AB)=[3 4 -—211|—==%24 311 0 -627 |

3 -2 411 -1 0 6/3
(2 -1 -1 4 (2 -1 -14
C3=C3%C2 111 0 -6/27 |—8=10 11 0 -627]
10 0 0/30 1 0 0]3

Ilocnennsas marpuna — cryneHdaras. Beaymiumu HEW3BECTHBIMH Il HEE ABIAIOTCA Xy B
HEPBO CTpOKE, X3 BO BTOPOM M X; B TpeThe. OYEeBUIHO, YTO CHUCTEMa COBMECTHA M €€ PaHr

paBeH 3: I’(A‘ B) = I’(A) =3=7r . TlocKONbKY YHCJIO HEM3BECTHBIX TAK’KE€ PABHO 3, MCXOJHAS

CHCTEMa SBJIIETCS ONpPEIETICHHOM.
[lepexonuM K TmpoBeneHUIO MpeoOpazoBaHuil 1o oOpatHomMy Metony [aycca (Tenepn
HeoOxoaumo moayyats Hynu HAJ] Bemymumu sieMeHTamn).

2 -1 -1 4 C,=C,-11Cq (0 -1 -1-2

11 0 -—627|—8=%=2Cs g5 o0 _g-6|>
1 0 03 Ll 0 03
C,=C;-C, /6 (0 -1 0-1
Ca==C2/6  _Jg o 1)1
Ll 0 03
Tenepb COCTaBJIAEM IIO HOCHeﬂHeﬁ ManI/I]_Ie CI/ICTeMy X3 :1 1 BBIIIUCBIBAEM 3HAUYCHUIA

HEHM3BECTHHIX B Mopske X HoMepos: X=(3;1;1)". DTo u ecTh OTBeET.
3X; +4Xy + X3 +2X4 =3
[Ipumep 4. Jlna CJIAY 6X; +8Xy +2X3 +5X4 =7  Haiitu obliee M ABa YaCTHBIX
10x; +12x, +3x5 +10x, =16

PCLICHUA.
Pemienue. HpI/IBeI[eM paCcIMpCHHYIO MaTpully CUCTEMBI K CTyrICH‘I&TOﬁ.
3 4 1 2|3 s -C-26; (3 4 1 23
(AB)=| 6 8 2 5|7 |—==*1L 40 0 0 11|-

10 12 3 1016 10 0 47
3 4 1 23
_ L300 1 0 0 47|
00 0 11
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OueBHUIHO, UTO I’(A‘ B) = I’(A) =3 =1, unuCJI0 HEU3BECTHBIX N=4 M B COOTBETCTBHHU C TEOPEMOii
6.2 ucxomHas CHCTEMA SBJISAETCA HEONPEAEIECHHON. Benymue HeusBecTHble: X3 B EPBOM CTPOKE,

X1 BO BTOpOii, X4 B Tperbeil. CBOOOIHOE Heu3BeCTHOE - X, . OOpaTHBIM XOJOM IHpeoOpasyem
MAaTpULy K IPUBEICHHOMY BUY:

3 4 1 23) ¢,—c,-ac, (3 4 1 01 (o 4 1 0]-8
1 0 0 47|—5=%=2C2 g4 o o 3|—1=%1=%C2 9 0 0 03
00 0 11 Looou L00011

BrinucrsiBaeMm MOJIYYCHHYIO CHUCTEMY U BCAYIIUC HCU3BCCTHBIC BBIpAXXaCM 4YCPE3 CB060I[HI>I€:

Xy =3 = Xy =3 . O0ee penIeHUE 3alUCBIBAEM B TOPSAAKE HYMEPAIUH
. . . A
Hems3BecTHBIX: X5 = (3, Xo; —8—4Xy; 1) , X9 - TH060€ BEIECTBEHHOE YUCIIO.

YacTHOE pelmeHHe MOJKHO NOIYy4MTh, €CIM HpPUAAaTh CBOOOJHOMY HEH3BECTHOMY Xj

KOHKPETHOE 4MCIoBOe 3Hadenne. Hanpumep, mpun X, =0 X, =(3;0;—8;1)T , ampn Xo =—1
X, =(3-1-42)" .

Teopema Kpamepa. PaccmoTpuM «KBaJpaTHYIO» CHCTEMY JIMHEWHBIX YpaBHEHUU (YHUCIIO
HEU3BECTHBIX COBIA/IAET C YHUCJIOM YpaBHEHHIT) BUIa

a.llxl +8.12X2 +...+ aln Xn = bl

) do1 Xy +aAgo Xy +...+ Ao Xy = b2 *)

am Xy +FapoXo + ...+ aypXp =Dy,

Teopema 3 (teopema Kpamepa). Ecnu onpenenurens MaTpuilbl CHCTEMbI (*) OTJIIMUEH OT
myns (|Al#0), 1o namHas chcreMa MMeeT eIMHCTBEHHOE pEIICHME, MPHYEM 3HAYCHHS
HEM3BECTHBIX HAXOATCS 10 popMyaam

AL
Xi —m, =1,2,...,n
rac |A || - OIpPCACIUTCIIb MAaTpULbI, HOHleeHHOﬁ nu3 HCXOﬂHOﬁ MaTpulbl CUCTEMbI IIYTEM

3aMEHBI i-r0 CTOJIONA Ha CTONOEN CBOOOIHBIX YJIEHOB.
2X) — X9 — X5 =4
[pumep 5. Perunts cucremy 4 3X; + 4X, — 2X3 =11 meromom Kpamepa.

Pemenue. BwimuceiBaem A - Marpuny CHUCTEMbI U B - CTOJ'I6CI_I CBO60)1HI:>IX YJIICHOB!

2 -1 -1 4
A=|3 4 2|, B=|11|. lanee Boluncnsem onpeaenuTeu:
3 -2 4 11
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2 -1 -1
W=3 4 -2/=216-4)-(-1)(@A2+16)-1(—6-12)=60=0;

3 -2 4
4 -1 -1
A =[11 4 —2/=4(16-4) - (~1)(44 + 22) - 1(~22 - 44) =180;
11 -2 4
2 4 -1
A, =[3 11 —2/=2(44+22) - 4(12+6) ~1(33—33) = 60;
3 11 4
2 -1 4
A, =3 4 11=2(44+22)(~1)(33-33) + 4(~6—12) = 60.
3 -21

Ny _180_, M, _60_, _|As_60

ITo Teopeme Kpamepa X; = — -

A 60 TN 60 ’X?’_W " 60

IMPOBEPKHU pPE3YJIbTaTa IMOACTABUM IIOJTYUCHHBIC 3HAYCHHUA HCU3BCCTHBIX B KaXXJ10€ YpPaBHCHHUC

cuctembl: 2-3—-1-1=4, 3-3+4-1-2-1=11, 3-3—-2-1+4-1=11. Bce ypaBHeHus

00paTUIINCh B TOXKAECTBA, 3HAYUT, PEILICHUE HAlIEHO BEPHO.

Conep:xanue npakTuyeckoi padornsr Ne 17
3apanue 1. [To pacmmpennoit marpuie Boinucath CJIAY, pemnTs MaTpUUYHBIM METOJIOM.

8 2 5 64 0 3 41
1)(A|B):[2 0 4 115] 2) (AB)=|12 0 1|11
5 4 10/-3
2 3 -110 7|12 1 -2 -3 45
3)(AB)=| 1 3 -1 3 4|3 4 (AB)=|2 -1 4 7]-1
-7 4 0 0 -10 0 8 6 86

Conepxanue npakTuueckoii pabornst Ne 18
3aganue 1. Pemuth cuctemsl ypaBHeHuii MetoioM Kpamepa u merogom ["aycca.

2X; — Xy + Xg =2 (3%, + X, +3%3 =2
1) 13Xy +2Xy + 2X53 =2 2) 15X —2X, +2X3 =1
Xy —2Xy + X5 =1 2X; +2Xy +3X3 =1
X1 +2Xy +3X3 =5 Xp —Xp +3X3=9
3) 3 2% + Xy + X3 =1 4) 3 —2X%1 +3X, —4x3=-16
X1 +3X, +4x3 =1 Xq + 6X3 =13
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3aganme 2. Pemmute CJIAY (B ciiyyae HEONpENENIEHHOW CHUCTEMBI BBIUCHIBATH OOIIee W /B
JOOBIX YaCTHBIX PEIICHHS).

X1 +2X, —2X3 =-1 X1 +2X, —2X3 =-1
1) X +3X, —X3 =4 2) < X; +3X; — X3 =4
—X; +4X3 =6 — X, +4x3 =4
X; — Xy —Xg =1 Xy +2Xy —2X3 =-1
3) 4 —3X; +4X, +4X53 =2 4) 1 X +3Xy —X3=4
2%, +2X5 +3X3 =10 —2X; — Xy +8X%3 =20

[IpakTrueckoe 3anstue Ne 19

Tema: CocTraBieHue ypaBHeHHMH MNPSMBbIX M KpPHBBIX 2-T0 NOPAAKA, HX
MOCTPOEHHE

Ieab: chopmMupoBaTh yMEHUE COCTABIATh YPABHEHUS NMPSAMBIX U KPUBBIX BTOPOrO MOPSJIKA,
CTPOHUTH NPSMBIE U KPUBBIE BTOPOTO MOPsI/IKA M0 UX YPABHEHHUSM.

Teopernyeckue cBeieHHs:

B anHanuTHueckoil reoMeTpuu JIMHHUS HA IUIOCKOCTH OIpeAeNsieTcsl KaKk MHOXECTBO TOYEK,
KOOPIUHATBHI KOTOPBIX YIOBICTBOPSIOT ypaBHeHU0 F(X,Y)=0. [Ipu srom Ha ¢dyHKIm0 F 1omKHbI
OBITh HAJIO’KEHBI OIPAHUYECHUS TaK, YTOOBI, C OJJTHOW CTOPOHBI, 3TO ypaBHEHUE UMEI0 OECKOHEUHOE
MHOYECTBO PEIICHUH H, C IPYTOil CTOPOHBI, YTOOBI 3TO MHOXKECTBO PEIICHUH HE 3aIOJIHIIO “KycKa
MJIOCKOCTH . BayKHBIN KJ1acc TUHUN COCTABJISIOT Te, I KOTOpbIX ¢yHKIusA F(X,y) ecTb MHOTOWICH
OT JBYX NEPEMEHHBIX, B 3TOM Ciydae JIMHUA, onpezensiemas ypaBHeHueM F(x,y)=0, HazpiBaeTcs
anrebpanveckoil. AnreOpanyeckue JIMHUHU, 3aJaBaéMble YpaBHEHHMEM II€pBOIl CTENEHHU, CYTh
npsiMble. YpaBHEHUE BTOPOU CTENEHH, UMeElolee OECKOHEYHOE MHOYKECTBO PEIICHHA, ONpeaesseT
AITUIIC, TUTepOo.Ty, Mapadoily UiTH JIMHUIO, PACTIa[alollyIOCs Ha JBE MPSMBIE.

[lycth Ha MIOCKOCTH 3a/laHa NPSMOYroJibHas JeKapToBa cucrteMa koopauHart. [Ipsmas Ha
IJIOCKOCTH MOYKET OBITh 3a/1aHa OJJTHUM U3 YpaBHEHHI:

1°. O6mee ypaBHeHHE TIPAMOIL

Ax +By+C=0. (2.1)

Bektop N(A, B) oproronanen npsiMoii, uucia A u B olHOBpeMeHHO He paBHbBI HYIIO.
2°. VpaBHeHMe IpAMOIi ¢ yTIIOBBIM K0(GPULIHEHTOM

Y- Yo=K (X - Xo), (2.2)

rze k - yrnoBoi ko3 uuueHT npsiMoii, To ectb k = tg [1, rae [J - BennumHa yria, 0Opa30BaHHOTO
npsaMoii ¢ ockio OX, M (Xo, Yo ) - HEKOTOpast TOUKa, MPUHAIISKAIIAS TPSIMOH.

VYpapuenue (2.2) nmpuHumaer Bun y = kx + b, ecmu M (0, b) ecTs Touka mepecedeHus MpsMoi ¢
ocbio Oy.
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3°. VpaBHeHue IpsAMOIi B OTpe3Kax
xla+ylb=1, (2.3)
rJic @ U b - BEIMYUHBI OTPE3KOB, OTCEKAEMBIX MPSMOM Ha OCSIX KOOP/IMHAT.

4°. VpaBHeHHe NpAMOii, IPOXOAAIIEH yepes aABe JaHHbIe Toukh - A(X1, Y1) 1 B(x2, Y2 ):

Y-y _i—xn

Ya—n Xporn (2.4)

5°. VpaBHeHne mpsAMOii, IPOXOAIIel yepes JaHHYyI0 TOYKy A(X1, Y1) MapaIeqbHO JAHHOMY
BEKTOpY a(m, n)

n mo (2.5)
6°. HopMasnpHOe ypaBHEHHME TIPSIMOiA

me-p=0, (2.6)
rae I - paauyc-BEKTOp MPOM3BOJBHON TOYKKM M(X, y) 3TOH IpsiMO#, N°® - €TUHUYHBIA BEKTOP,
OPTOTOHAJLHBINA ATON MPSAMOUW M HAIPABICHHBIA OT HavaJla KOOPJIMHAT K MPAMOU; P - PaCCTOSTHUE
OT Hayaja KOOpAUHAT J0 MPSIMOil.
HopmanwsHOe ypaBHEHUE TPSMOiT B KOOPIMHATHOM (hOpME UMEET BU/I:
Xcosa+ysina-p=0,
I/l 0 - BeIMYMHA yIiia, 00pa30BaHHOIO MPsMOii ¢ ocbio OX.
VYpaBHeHHE MTyYKa MPSMBIX C LIGHTPOM B TOUKe A(X1, Y1) UMEET BUI:
y-y1 = Mx-X1),

rze A - mapaMmeTp myuyka. Eciu mydok 3amaercs IByMs MepeceKatonuMucs npsmbiMu A1 X + Br y +
Ci=0, Aox+ B2y + C, =0, TO ero ypaBHeHHE UMEET BU/I;

A(AtXx+B1y+Cy) +p(Acx+ By + C2)=0,
e A ¥ | - IapaMeTpsl Mydka, He oOpamniaroniyecs B 0 0JJHOBPEMEHHO.

Benuunna yriia mexay npsmeivu y = kx + b u y = k1 X + b1 3agaercs dpopmynoii:

i -k

go= 1HEF

PaBenctBo 1 + ki k = 0 ecTb He00X01MMOE U TOCTATOYHOE YCIOBUE NMEPIEHAUKYISPHOCTH MPSIMBbIX.
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Jlnst Toro, 4TOOBI 1Ba YpaBHEHHSI
A1 x+B1y+Ci=0, (2.7)
Axx+Bxy+C2=0, (2.8)

3a/laBalil OJHY M Ty K€ MPSIMYIO, HEOOXOIMMO M JIOCTATOYHO, YTOOBI MX KO3(PPHUIMEHTHI ObLTH
MIPOTNIOPIIUOHATBHBI:

Ai/A2 = B1/B,= C1/Cy,

VYpauenus (2.7), (2.8) 3agaroT aBe pa3idyHbIC MapauleibHbIe TpsAMble, ecau Ail/A> = Bi/B: u
B1/B2>#C1/Co; npsimbie niepecekarotes, eciiu A1/Az  B1/Bo.

Paccrosiane d ot Touku Mo(Xo, Yo) IO MPSIMOW €CTh JUIMHA MEPICHIUKYISAPA, MPOBEACHHOTO U3
Toukd M, k npssmoii. Eciiu npsimast 3a1aHa HOpMaJIbHBIM ypaBHEHHEM, TO d = | rn-p | , rae o -
pagnyc-BeKTOp TOUKU M, WK, B KOOpJAUHATHOU popme, d = | Xo COSOL + Y, SiNaL - p

OO01ee ypaBHeHUe KPUBOii BTOPOIo NMOPSAAKA UMeeT BUJL
a11x? + 2a1oXy + azy? + 2a1xX +2ay +a = 0.
[Ipenmnonaraercs, yTo cpeau K03PPUIMEHTOB ypaBHEHUS a11, a12, 822 €CTh OTIMYHBIE OT HYJIS.
YpaBHEHUE OKPYKHOCTH ¢ IIeHTpoM B Touke C(a, b) u paaumycom, paBHbIM R:

(x-a)?+ (y-b)y’=R% (2.9)

DJUIUIICOM HAa3bIBAETCS TEOMETPUYECKOE MECTO TOYEK, CyMMa pacCTOSHUM KOTOPBIX OT JBYX
naHHbIX To4yek F1 u F2 (PpokycoB) ecTh BenmunHa NOCTOSTHHAS, paBHas 2a.

Kanonnueckoe (mpocreiiniee) ypaBHeHHue JLIHIICA
x?la? + y?la? = 1. (2.10)

Dmuuric, 3aJaHHbIA ypaBHeHUEM (2.10), cuMMeTpryYeH O THOCUTENBHO ocell koopauHat. [lapamerpsl
a u b Ha3bIBarOTCS MOJTyOCSIMH 3IUTHIICA.

IIyctb a>b, Ttorma dQokycet Fi1 u F, mnHaxomarcs Ha ocu OX Ha pacCTOSHUU

7_ 12
c= ¥2" —&" or mavama koopmmmar. OtHomeHme c/a = € < | Ha3BIBACTCH DKCIECHTPHCHTETOM
smunca. PacctosiHus ot Touku M(X, y) smunca 10 ero (GokycoB ((oKaabHbIE PaIUyChl-BEKTOPHI)
onpenensorcs GopMyIaMu:

I =a-egx, rn=a+tex

] 2
Ecim xe a < b, 10 dokyce Haxomarcs Ha ocu Oy, c= £ —a , & = clb,
rir=b+ex,rn=b-ex

Ecmia= b, TO DJIJIMIIC SAABJISICTCS OKPYKHOCTBIO C ICHTPOM B HA4YaJie KOOpAUHAT pagruyca a.
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I'uniepOoI0ii Ha3bIBACTCA TEOMETPUUYECKOE MECTO TOYEK, PAa3HOCTh PACCTOSHUN KOTOPBIX OT JIBYX
nanubix Touek F1 u F2 (pokycoB) paBHa 10 aOCOMIOTHOM BEIMYUHE JAHHOMY YHCITY 2a.

Kanonunudeckoe YpaBHEHHUE FI/IHepﬁoJ'ILI
x2la? - y?I? = 1. (2.11)

I'unepOona, 3amanHas ypaBHeHHeM (2.11), cuMMeTpuYHAa OTHOCHUTENHHO oced KoopauHat. OHa
nepecekaet ock Ox B Toukax A (a,0) u A (-3,0) - BepmnHax runepOosibl U He nepecekaeT och Oy.

[TapameTp a Ha3bIBaeTCsI BELIECTBEHHOMU TOJIYOChI0, b - MEUMO# mostyockto. [Tapamerp c= a’ + b
ecTb paccrosiHMe OT (oKyca 10 Hauyaja koopauHaT. OtHomenue c/a = [J >1 Ha3biBaercd
SKCUEHTpUucuTeToM rumnepoonsl. IlpsMble, ypaBHeHHMs KOoTopblx y = [] b/a X Ha3bIBaloTCH
acumMnTotamMu runep6ossl. Paccrostuust ot Toukn M(X,y) runepOoiibl 10 ee GpokycoB ((oKanbHbIE
paanyChI-BEKTOPBI) OIMPENESIOTCS GOopMyIamMu:

rn=|ex-a|,re=|ex+a].

I'umep6ona, y KOTOpoit a = b, Ha3bIBaeTCs PaBHOCTOPOHHEH, e ypaBHEHHE X°
ypaBHeHWE acUMOTOT y = + xX. DImmepbomsr  x%/a2 - y2/b?
y2/? - X?/a®= 1 Ha3BIBAIOTCS COTPSHKEHHBIMIL

-y2=a2,a
= 1 u

[TapaboJioii Ha3BIBAETCS TEOMETPHUECKOE MECTO TOYCK, OJMHAKOBO YIAJICHHBIX OT JAHHOW TOYKHU
(doxyca) u taHHOHW TIPSIMOH (TUPEKTPHUCHI).

Kanonnueckoe ypaBHeHHE 1apaboIIbl UMEET JIBa BUJIA:
1) y* = 2px - mapaboJia CHMMETpUYHA OTHOCHTEIBHO ocH OX.
2) x*=2py - mapabona CHMMETPHUYHA OTHOCHTENEHO ocu Oy.

B o6oux cmyuasx p>0 u BepumuHa mnapaloJibl, TO €CThb TOYKa, JieXkallas Ha OCH CHUMMETpPHH,
HAXOJUTCS B Hauajie KOOpAUHAT.

I[TapabGona, ypaBHeHHMEe KoTopoil y 2 = 2px mmeer ¢oxyc F( p/2,0) m aupexrpucy x = - p/2,
(boxanbHBIN paguyc-BeKTOp TOUKU M(X,y) Ha Hell r = x+ p/2.

[lapa6ona, ypaBHeHHe KoTopoil x? =2py umeer ¢okyc F(0, p/2) u mupektpucy y = - p/2;
(bokanbHBIN paguyc-BeKTOp TOUKH M(X,y) mapalboibl paBeH r =y + p/2.

VYpasuenue F(x, y) = 0 3agaet nuHuto, pa30UBaroOIIyIo MJIOCKOCTh HA JIBE WM HECKOJIbKO YacTeil. B
OJIHUX W3 3THUX YacTel BBINOJHsETCA HepaBeHCTBO F(X, y)<0, a B apyrux - HepaBeHCTBO F(X, y)>0.
Nupivu CIIOBaMH, JTVHUS
F(x, y)=0 otnenser yacts minockocty, rae F(x, y)>0, ot yactu mnockocty, rae F(x, y)<O0.

IIpsimasi, ypaBHeHue kotopoil Ax+By+C = 0, pa30uBaeT IIIOCKOCTh Ha JIBE MOJyIUIOocKocTH. Ha
IIPAKTUKE JUISl BBIACHEHUS TOTO, B KAaKOM MHOJYIJIOCKOCTH Mbl MMeeM Ax+By+(C<0, a B kakoi
Ax+By+C>0, npuMeHsI0T METOA KOHTPOJBbHBIX TOueK. [lyis 3Toro OGepyT KOHTPOJIBbHYIO TOUKY
(pa3ymeeTcsi, He JeKallyl0 Ha NpsMoi, ypaBHeHue KoTopoil Ax+By+C = 0) u npoBepsroT, Kakoi
3HAaK UMeeT B 3TOU Touke BbhIpakeHne Ax+By+C. Tor ke 3HaKk MMeeT yka3aHHOE BBIPA)KEHHE U BO
BCEH MOJIYIUIOCKOCTH, TAE JIEKUT KOHTPOJIbHAs Touka. Bo BTopoi mnosymiockoctn Ax+By+C
HMMeEET IPOTUBOIIOJIOKHBIN 3HAK.
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To4HO Tak ke pemaroTCAa 1 HEJIMHCHHBIC HCpPaBCHCTBA C IBYMS HCU3BCCTHBIMH.

Hanpumep, pemuM HepaBeHCTBO Xx>-4X+y?+6y-12 > 0. Ero moxHO mepenucath B Buie (x-2)% +
(y+3)2- 25> 0.

Vpasuenne (x-2)%+ (y+3)?- 25 = 0 3a1aeT OKpPYKHOCTb ¢ 1IeHTpoM B Touke C(2,-3) u pamycom 5.
OxpyXHOCTh Pa30MBaeT IJIOCKOCTh HA JIBE YACTH - BHYTPEHHIOIO M BHEIIHIOW. YTOOHBI y3HATH, B
KaKO# M3 HUX MMEET MECTO JaHHOE HEPaBEHCTBO, BO3bMEM KOHTPOJIbHYIO TOYKY BO BHYTPCHHEH
obnactu, Hanpumep, teHTp C(2,-3) Hamrelr okpyxxHocTH. [loacraBnssi koopauHatel Touku C B
JICBYI0 YacTh HEPABEHCTBA, MOJy4yaeM OTPUIATEIBHOE YHCIO -25. 3HAUUT, ¥ BO BCEX TOYKaX,
JIeKAIUX BHYTpH OKPY>KHOCTH, BBITIOJTHSICTCSI HEPaBEHCTBO
X2-4x+y?+6y-12 < 0. OTcroga clexyeT, 9To JAHHOE HEPABEHCTBO MMEET MECTO BO BHENIHEH s
OKPY>KHOCTH 00J1acTH.

IIpumep 1. CocraBbTe ypaBHEHUS MPSAMBIX, IPOXOIAIMIUX dyepe3 ToUKy A(3,1) U HaKIOHEHHBIX K
npsimoit 2x+3y-1 = 0 oz yriom 45°.

Pemenue. bynem uckath ypaBHeHue npsiMoit B Buae y=kx+b. [lockosbky npsiMasi IpoXoAuT 4epes
TOYKYy A, TO €€ KOOPIMHATHI YIOBJIECTBOPSIOT ypaBHEHHIO mpsiMoi, T.e. 1=3k+b, [ b=1-3k.

Benmunna yria MEXTy MPSIMBIMH
1+ kyk

y= ki x+b1 u y= kx+b onpenensiercs hopmyioii tge = . Tak kak yrinoBoii ko3ddurtment ki
ucxoaHoM mpsmoii 2x+3y-1=0 pasen - 2/3, a yroxn ¢ = 45°, 1o uMeeM ypaBHEHHUE ISl OTPEICICHUS

k:
(213 + K)I(1 - 2/3k) = 1 wm (2/3 +k)/(1 - 2/3K) = -1.

Nmeem nBa 3nauenus k: ki = 1/5, ko = -5. Haxoas cooTBeTcTBYyIOIIKE 3HaUeHus b 1o Gopmyie b=1-
3k, momyyuM JIB€ WCKOMBIC TpsIMbIe, YypaBHEHHUS KOTOpHIX: X - Sy + 2 = 0 wu
5X+y-16=0.

IIpumep 2. Ilpu xakoMm 3HaueHUHW mapamerpa t mpsMbie, ypaBHeHHs KOTOpbIX 3tx-8y+1 = 0 u
(1+t)x-2ty = 0, mapasuieabHbI?

Pemienue. IIpsmble, 3aaHHbIe OOIIMMHU YpaBHEHUSMH, TApAIICIbHBI, €CIH KOAPPHUIIUEHTHI TIPU X
U Y MPOTOPIMOHANBHBI, T.¢. 3t/(1+t) = -8/(-2t). Pemast monydeHHoe ypaBHenue, HaxoquM t: t1 = 2, to
=-2/3.

ITIpumep 3. Haritu ypaBHEHHE oo1ei XOPABI JIBYX OKPYKHOCTEM:
X% +y? =10 n x2+y?>-10x-10y+30=0.

Pemenne. HalineM Touku MEepeCCUCHUA OKPY)KHOCTGI\/’I, AJIL 9TOr0 peIIiM CUCTEMY ypaBHeHPIfII

22 +y? =10 2yt =10 fryi=10  [E4@d-nt=10
{ . =i 7 —4F T =4 “-x)

x?+y? —10x-10y+30=0 |10-10x-10y+30=0 [y=4-x y=4-x

Pemrass mepBoe ypaBHeHHWE, HaxOoJMM 3HaueHHs X1 = 3, X2 = 1. M3 Broporo ypaBHeHHS -
COOTBETCTBYMOIIME 3HaueHus Y. Y1 = 1, y» = 3. Tenepb mojyduMm ypaBHEHHE OOIIEH XOp/bI, 3HAS
nse Touku A(3,1) u B(1,3), npunaanexariue stoit npsmoit: (y-1)/(3-1) = (x-3)/(1-3), wm y+ x - 4 =
0.
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INpumep 4. Kak pacronioxkeHbl Ha IUIOCKOCTH TOYKH, KOOPAMHATHI KOTOPBIX YIOBJIETBOPSIOT
yenosusM (x-3) 2 + (y-3)2< 8, x> y?

Pemenue. IlepBoe HEpaBEHCTBO CUCTEMBI ONIPEACISIET BHYTPEHHOCTh Kpyra, HE BKJIOYAsl TPaHHUILY,

T.€. OKPYXHOCTh C IEHTpoM B Touke (3,3) u pamuyca N'@ . BTtopoe HepaBeHCTBO 3amaet
MOJIYTIJIOCKOCTh, ONPECISIEMYIO PSIMOH, YpaBHEHHE KOTOPOH X =y, MpUUYEM, TaK KaK HEPABEHCTBO
CTPOTO€, TOUKM CaMOM MPSMOW HE MPUHAUIEKAT MOJYIUIOCKOCTH, & BCE TOUKU HUKE ITOM MPSIMOM
MPUHAIUICKAT TOMYIIIOCKOCTU. [lOCKOJIBKY MBI HIEM TOYKH, YIOBJICTBOPSIONINE OOOUM
HEpaBEHCTBaM, TO UCKOMasi 00J1acTh - BHYTPEHHOCTh MOJIYKpYTa.

IIpumep 5. BbruuciauTh JUIMHY CTOPOHBI KBaJpaTa, BIMCAHHOTO B AJUIUIIC, YPaBHEHUE KOTOPOIO
x?la? + y?[b? = 1.

Pemenue. Ilycte M(c, c) - BepuimHa KBajapaTta, Jiexalas B MEepBOM 4eTBepTu. Toraa CTOpoHa
kBazpara Oyner paBHa 2¢. T.k. Touka M IpuHAIJIEKUT IUINICY, €€ KOOPAUHATHI YAOBIETBOPSIOT
yPaBHEHHUIO MIHTICA c?/a? + c?/? = 1, OTKy/a

c=ab/ Wa®+b ; 3HAYUT, CTOPOHA KBajpara - 2ab/ Jat +5%

Ipumep 6. 3Has ypaBHeHHE acUMITOT TUTiepOoabl y = [J 0,5 x u oqHy U3 ee Touek M(12, 3 ”‘E ),
COCTaBUTbH ypaBHEHHUE TUIepOOJIbI.

Pemrenne. 3anmmieM KaHOHHYECKOE ypaBHeHHe rumepbonsl: x2/a’ - y2/b?> = 1. AcUMITOTHI
runepOobl 3a1at0Tes ypaBHeHusMu y = [ 0,5 X, 3HauuT, b/a = 1/2, otkyna a=2b. [Tockonpky M -
TOYKA THIIEPOOIIBL, TO €€ KOOPIMHATHI YIOBJIETBOPSIOT YPAaBHEHUIO THIIEpOOIHI, T.¢. 144/a% - 27/0% =
1. VuureiBas, uto a = 2b, Haiinem b: b’=9 [ b=3 u a=6. Torna ypaBHeHHe runep6oisI - X/36 - y*/9
=1

Ilpumep 7. Bplunciuth IJIMHY CTOPOHBI MPaBUIBLHOTO TpeyroiabHuka ABC, BmnmMcaHHOTO B
napaboity ¢ mapameTpom p, Mperoaras, 4To Touka A COBIAJAaeT ¢ BEPLINHOM mapadoibl.

Pemenne. KaHoHnueckoe ypaBHeHHe NapaboIibl ¢ IapaMeTpoM p UMeeT BUJ y>= 2pX, BepllMHA ee

COBIA/Ia€T C HAYAJIOM KOOPJMHAT, U napadosia CHUMMETpPHUYHA OTHOCUTEIBHO OCH abcuuce. Tak kak

npsmas AB oOpasyer ¢ oceto Ox yroa B 30° TO ypaBHEHHE MPSIMOH HMMEET BHI. y =
1

3 X.00JIBIIIMM KOJIMYECTBOM I'PAPHUKOB

CJ'IeI[OBaTeJ'ILHO, MBI MO’KEM HaWTH KOOPpAWHATBI TOYKH B, peaiasa CUCTeMy ypaBHeHI/Iﬁ y2:2pX, y=
1

/3 X, OTKy#a X = 6p, y = 2 "'Ep. 3HauuT, pacctosgHue Mexay toukamu A(0,0) u B(6p,2 “-Ep)
paBHO 4 \'@ p.

CoaepskaHue NpaKTH4YeCKON padoThI:
Bapuanr 1

3

;: = —
1. CocTaBuTh ypaBHEHHE MPSIMOIi C YIIIOBBIM KO3 HUIImeHToM 2
Al

, €CJIM U3BCCTHO, YTO TOYKaA

3-2) MIPUHAJUIEKUAT JAaHHOU IPSIMOMU.

37
ﬂ[—;—} B(-1,7)
2. CocTaBUTh ypaBHEHHE MPSIMOM 10 ABYM TOUKAM 23 .
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L4

4
+ ‘}?_ = 1
3. HOCTpOI/ITB QJIIIUIIC, 3aI[aHHBII>i ypaBHeHI/ICM 16 ?

Bapuanr 2
1. CocraBuTh ypaBHEHHE IPSIMOMN, €CIM M3BECTHO, YTO €€ yroJl HaKjIOHA K MOJIOXKUTEIbHOMY
im

HAIPABICHUIO ocH L cocrasisier 4 yrouxa & -1

MPUHAJJICKUT TAHHOU MPSIMOM

2. CocTaBUTh ypaBHEHHE MPSIMOI MO TOUYKE ML -3 BEKTOpPY HOpMaIIH A3 -1) | Hajirn

HAMPABJISIOMINN BEKTOP MPSIMOIA.

3. CocTtaBUTh KAaHOHHUYECKOE YpAaBHEHHE OJJUIMIICA, €CJIM HM3BECTEH OJUH H3 €ro (POoKycoB

FE20 4 vanas nonyock £ =2 (mentp HaxouTcs B Hauame KoopaumHat). HaifTe BepuImHbL,
JOTIOTHUTEIbHBIE TOYKU U N300pa3uTh JIMHUIO HA YepTeke. BIUNCIUTh SKCIEHTPUCUTET.

Bapuanr 3
ML 2)

A0, 2)

1. CocTtaBuTh ypaBHEHHE NPSAMOU IO TOUKE ¥ HANPABIISIONIEMY BEKTOPY (21

2. CocTaBUTh ypaBHEHHME INPSMON IO TOYKE YU HOPMAaJIbHOMY BEKTOPY (-8, 'ﬁ:'. Haiitn

HAMPAaBJISIOMINN BEKTOP MPSIMOiA.

Pt
+2 =1
3. IToCTpOUTH ITUIIC, 3aJaHHBIA YPABHEHHEM 16 7

Bapuanr 4
1. CocTaBuTh ypaBHEHHE IPSIMOU 1O TOYKE M0, -3) Y HAIIPABJIAIOIEMY BEKTOPY B(=T.5)
2. Jlana mpsmas Sx="Ty+11=10 . CocTaBUTh ypaBHEHHE NPSIMOM B OTPE3Kax U OIPEIACITUTH

TOYKH IICPCCCUCHUA Fpaq)I/IKa C KOOpAWHATHBIMHA OCSIMMH.

3. CocTaBHTh KaHOHHUYECKOE YPaBHCHUE OJUIMIICA, €CJIIM HM3BCCTCH OJIWH M3 €TI0 (bOKYCOB

FE20 4 vanas noayock £ =2 (1entp HaxomuTCs B Hauame KOOpauHAT). HaifTH BepIIMHSL
JOTIOTHUTEIbHBIE TOYKU U N300pa3uTh JIMHUIO HA YepTeke. BIUNCIUTD SKCIIEHTPUCUTET.

Bapmuanr 5
A0, 3

P

2. [MocTpouTh AIHIIC, 33JaHHBIA YpaBHEHUEM 167
-Zy+yi-3=0

1. CocTtaBHUTB YpaBHCHUC HpHMOfI II0 TOYKEC " HAIIPABJISIIOIEMY BEKTOPY j([l, 1} .

2
+2 =1

3. IlocTpouts rpaduk JIMHUH, 3aJaHHON ypaBHEHUEM

Bapuanr 6

3
K3 D, I{E; —
1. CocTtaBuTh ypaBHEHUE MIPSIMOMN, IPOXOISIIEH Yepe3 TOUKH 4/,
2. CocTaBUTh ypaBHEHHE MpPSAMOW B OTpE3KaxX M OMPEICIUTh TOYKH € TMepeceueHust ¢

KOOPAMHATHBIMHU OCSIMU.
Jx+dy-4=10

3. CocTaBUTh KaHOHUYECKOE YPaBHCHUC DJOJUIUIICA, CCJIIM H3BCCTCH OJAWH U3 Cro (I)OKYCOB
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F200 4 vanas II0JIyOCh b=2 (ueHTp HaxoAuTCs B Hadaje koopauHar). Hailtu BepiimHbI,
JOTIOJTHUTEIBHBIE TOUKU U U300pa3nTh JTMHHIO HA YePTEKe. BRIYUCITUTD SKCIICHTPUCUTET.
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